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1.   Before 1998: Theoretical problem IR renomalon



Status of Static Potential

3-loop pert. QCD (fixed-order) vs. lattice comp.
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Accuracy of perturbative predictions for QCD potential

improved drastically around year 1998.

If we re-express the quark pole mass (          )

by the MS mass (         ), IR renormalons cancel

in                                                      .

cancel

Expanding                                                                         for small     ,

the leading renormalons cancel .          much more convergent series

Residual renormalon:



Exact pert. potential up to 3 loops
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mdependence and convergence of ὓ ρὛ
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mdependence and convergence of Mtt(1S)

ὃ ήὮ ή

ή Couples to total charge as  ήO π.

Ὦ ὼ   ᴆὼ ᴆὶȾς

General feature of QCD beyond large b0 or leading-log approx.

(est.)
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mdependence and convergence of Mqq(1S)
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Rapid growth of masses of excited states originates from

rapid growth of self-energies of Q & Q due to IR gluons.
Brambilla, Y.S., Vairo
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Rapid growth of masses of excited states originates from

rapid growth of self-energies of Q & Q due to IR gluons.
Brambilla, Y.S., Vairo



3.     OPE of QCD potential ὠ ὶ

What to do with residual ὕɤὶ renormalon?



In OPE, IR renormalons in Wilson coeffs. should be separated and abosorbed

into non-pert. matrix elements.
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Expand in ὶ:   ὠ ὶ ὅ ɇɤ ὅ ɇɤ ὶ ὅ ɇɤ ὶ Ễ

Solution
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ñContour-deformation prescriptionò

YS, Takaura
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Consistency with lattice results and  determination

Takaura, Kaneko, Kiyo, YS

╥ἝἍἎ► [JLQCD: after cont. limit] consistent with OPE at ►☻╜╢Ṃ Ȣ

after renormalon subtraction.

╥ἝἍἎ► ╥╢
╡╕► ╥╘╡

╡╕►

Our result

NNNLL fit fn: ὃ ὃὶ

Consistency check

First time to subtract NLO renormalon

and confirm the OPE structure
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4.   After 1998: Many Applications

Spectroscopy

Decays

Determinations of mb, mc (mt )

Determination of as

Gluon config. inside quarkonium

Casimir scaling violation for static potential



Summary

1. Before 1998: Theoretical problem 

IR ambiguity (renomalon)

2. Around 1998: Drastic improvement

Discovery of cancellation of renormalons

Interpretation

3.   After 1998: Applications

Spectroscopy

Decays

Determinations of mb, mc (mt )

Determination of as

Gluon config. inside quarkonium

Casimir scaling violation for static potential



Å OPE of  ὠ ὶ

Å RG improvement of ὠ ὶ

╥ἝἍἎ►ͯ ╬ ╬► ╬► Ễ at ►Ḻ☻ἝἍἎ

Short-distance expansion

╬

►

Genuinely UV contr. ὠ ὶ (renormalon-free) of pert. prediction separated.

combines with 

non-pert. matrix element

OPE with subtraction of renormalons Ҝ  determination

Summary

First observation of OPE structure at ►☻╜╢Ṃ Ȣ.

♪▼╜╩ Ȣ Ȣ
Ȣ

Error reducible by finer lattices.



Backup Slides



Comparison with other methods

[7] Bazavov, Brambilla, Garcia i Tormo, Petreczky, Soto, Vairo

Scale dep. is much smaller compared to other methods.

ὶ behavior stably observed up to larger distances.
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The case of ὠ ὶ

It has been known that ὠ ὶ is plagued by renormalons, 

whereas its Fourier transf. ὠ ή is not.

ὠ ὶ
Ȣ

ρ

ς“
0ÒȢ Ὠή

ÓÉÎήὶ

ήὶ
ὠ ή

Ȣ

ὠ ὶ ὔόz ὶ ὶɤ
ᶻ

by renormalon at ό όz

YS, Takaura

A new justification:

Renormalons vanish at  ό ȟȟ ȟỄ !
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Defined via 

Borel transf.

Coincides with the

expression used e.g. 

in -determination by

Takaura, et al. (2018)

Separation and subtraction of renormalons:



Renormalon uncertainty
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Later it was shown that renormalon

uncertainties can be absorbed into

non-pert. matrix elements in OPE.

Mueller
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╥ἝἍἎ►ͯ ╬ ╬► ╬► Ễ at ►Ḻ☻ἝἍἎ

OPE of QCD potential in Potential-NRQCD

Uncertainty in ╬► replaced by a non-pert. matrix 

element.

╬

►

IR renormalons in pert. QCD prediction

Short-distance expansion of  ὠ ὶ (qualitative) 
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ὠ ὶȠ‘ Ὣ᷿ ὨὸὩ Ў ᴆὶɇὉ ὸ• ὸᴆὶɇὉ π ὕὶ

singlet       octet        singlet   

IR gluon
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multipole expansion in ᴆὶ

integrated

out



UV contribution 
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: LL resum.

We can separate ‘ -dependent and ‘ -independent parts as follows.
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Å Along ὅ, justified to expand Ὡ in Ὥήὶ, since ‘ὶḺρ:
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A short-distance expansion in ὶwith 

correct RG log in Coulomb term
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ὠ ὶ „ὶincluding

subleading logs

vs. lattice comp.

hep-ph/0505034
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genuinely UV ὕɤὶ renormalons cancel


