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1.   Before 1998: Theoretical problem IR renomalon



Status of Static Potential

3-loop pert. QCD (fixed-order) vs. lattice comp.
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Accuracy of perturbative predictions for QCD potential

improved drastically around year 1998.

If we re-express the quark pole mass (          )

by the MS mass (         ), IR renormalons cancel

in                                                      .

cancel

Expanding                                                                         for small     ,

the leading renormalons cancel .          much more convergent series

Residual renormalon:
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m dependence and convergence of 𝑀𝑄 ത𝑄(1𝑆)

(             )

= 𝟗. 𝟗𝟒 − 𝟎. 𝟏𝟎 − 𝟎. 𝟏𝟓 − 𝟎. 𝟐𝟎 − 𝟎. 𝟐𝟔 GeV  (Pole-mass scheme)

= 𝟖. 𝟒𝟑 + 𝟎. 𝟕𝟐 + 𝟎. 𝟐𝟓 + 𝟎. 𝟎𝟕 − 𝟎. 𝟎𝟐 GeV  (MS scheme)

= 𝟗. 𝟗𝟒 − 𝟎. 𝟎𝟔 − 𝟎. 𝟏𝟏 − 𝟎. 𝟐𝟐 − 𝟎. 𝟒𝟏 GeV  (Pole-mass scheme)

= 𝟖. 𝟒𝟑 + 𝟏. 𝟏𝟕 + 𝟎. 𝟐𝟔 + 𝟎. 𝟏𝟎 − 𝟎. 𝟎𝟒 GeV  (MS scheme)
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m dependence and convergence of Mtt(1S)

𝐴𝜇 𝑞 𝑗𝜇(−𝑞)

𝑞 Couples to total charge as  𝑞 → 0.

𝑗𝜇 𝑥 = 𝛿𝜇0𝛿3( Ԧ𝑥 − Ԧ𝑟/2)

General feature of QCD beyond large b0 or leading-log approx.

(est.)
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m dependence and convergence of Mqq(1S)
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Rapid growth of masses of excited states originates from

rapid growth of self-energies of Q & Q due to IR gluons.
Brambilla, Y.S., Vairo



𝐸𝑋 ≈ 2𝑚𝑏
𝑀𝑆 𝜇 + න

0

𝜇

𝑑𝑞 𝑓𝑋 𝑞 𝛼𝑠(𝑞) Brambilla,YS,Vairo

Recksiegel,YS



Rapid growth of masses of excited states originates from

rapid growth of self-energies of Q & Q due to IR gluons.
Brambilla, Y.S., Vairo



3.     OPE of QCD potential 𝑉QCD 𝑟

What to do with residual 𝑂(Λ3𝑟2) renormalon?



In OPE, IR renormalons in Wilson coeffs. should be separated and abosorbed

into non-pert. matrix elements.

𝑉QCD 𝑟 = 𝑉𝑆 𝑟 ∙ 𝟏 + const. +𝛿𝐸𝑈𝑆 (𝑟) + ⋯

𝑔2 0׬
∞
𝑑𝑡 𝑒−𝑖𝑡∆𝑉 Ԧ𝑟 ∙ 𝐸𝑎 𝑡 𝜑𝑎𝑏(𝑡) Ԧ𝑟 ∙ 𝐸

𝑏(0)

=

Expand in 𝑟:   𝑉𝐶 𝑟 + 𝐶0
𝑉 ∙ ΛQCD +𝐶1

𝑉 ∙ ΛQCD
2 𝑟 + 𝐶2

𝑉 ∙ ΛQCD
3 𝑟2 +⋯

Solution

Brambilla,Pineda,Soto,Vairo

Wilson coeff

non-pert. matrix element

“Contour-deformation prescription”

YS, Takaura

Hayashi, YS, Takaura

Wilson;   Müller
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Consistency with lattice results and 𝛼𝑠 determination

Takaura, Kaneko, Kiyo, YS

𝑽𝐐𝐂𝐃 𝒓 [JLQCD: after cont. limit] consistent with OPE at 𝒓𝜦𝑴𝑺 ≲ 𝟎. 𝟖

after renormalon subtraction.

𝑽𝐐𝐂𝐃 𝒓 = 𝑽𝑺
𝑹𝑭 𝒓 + 𝑽𝑰𝑹

𝑹𝑭(𝒓)

Our result

NNNLL fit fn: 𝐴0 + 𝐴2𝑟
2

Consistency check

First time to subtract NLO renormalon

and confirm the OPE structure

𝜶𝒔 𝑴𝒁 = 𝟎. 𝟏𝟏𝟕𝟗−𝟎.𝟎𝟎𝟏𝟒
+𝟎.𝟎𝟎𝟏𝟓

𝑛𝑓 = 3



4.   After 1998: Many Applications

Spectroscopy

Decays

Determinations of mb, mc (mt )

Determination of as

Gluon config. inside quarkonium

Casimir scaling violation for static potential



☆Summary

1. Before 1998: Theoretical problem 

IR ambiguity (renomalon)

2. Around 1998: Drastic improvement

Discovery of cancellation of renormalons

Interpretation

3.   After 1998: Applications

Spectroscopy

Decays

Determinations of mb, mc (mt )

Determination of as

Gluon config. inside quarkonium

Casimir scaling violation for static potential



• OPE of  𝑉QCD(𝑟)

• RG improvement of 𝑉𝑆(𝑟)

𝑽𝐐𝐂𝐃 𝒓 ~ + 𝒄𝟎 + 𝒄𝟏𝒓 + 𝒄𝟐 𝒓
𝟐 +⋯ at 𝒓 ≪ 𝜦𝐐𝐂𝐃

−𝟏

Short-distance expansion

𝒄−𝟏
𝒓

Genuinely UV contr. 𝑉𝑆
𝑅𝐹 𝑟 (renormalon-free) of pert. prediction separated.
{ combines with 

non-pert. matrix element

OPE with subtraction of renormalons ⇒ 𝛼𝑠 determination

☆Summary

First observation of OPE structure at 𝒓𝜦𝑴𝑺 ≲ 𝟎. 𝟖.

𝜶𝒔 𝑴𝒁 = 𝟎. 𝟏𝟏𝟕𝟗−𝟎.𝟎𝟎𝟏𝟒
+𝟎.𝟎𝟎𝟏𝟓

Error reducible by finer lattices.



Backup Slides



Comparison with other methods

[7] Bazavov, Brambilla, Garcia i Tormo, Petreczky, Soto, Vairo

Scale dep. is much smaller compared to other methods.

𝑟2 behavior stably observed up to larger distances.



𝛿 ෨𝑉QCD 𝑞 = 𝑁 𝑢∗ 𝑞−2 ΛQCD/𝑞
2𝑢∗

Γ 2𝑢∗ + 1 cos(𝜋𝑢∗)

𝛿 ෨𝑉QCD 𝑞 = න𝑑3 Ԧ𝑟 𝑒𝑖𝑞∙ Ԧ𝑟 𝛿𝑉QCD(𝑟)෨𝑉QCD 𝑞 = න𝑑3 Ԧ𝑟 𝑒𝑖𝑞∙ Ԧ𝑟 𝑉QCD(𝑟)

The case of 𝑉QCD(𝑟)

It has been known that 𝑉QCD(𝑟) is plagued by renormalons, 

whereas its Fourier transf. ෨𝑉QCD(𝑞) is not.

𝑉QCD 𝑟
𝑅−subt.

=
1

2𝜋2
Pr. න

0

∞

𝑑𝑞
sin 𝑞𝑟

𝑞𝑟
෨𝑉QCD 𝑞

𝑅𝐺−imp.

𝛿𝑉QCD 𝑟 = 𝑁 𝑢∗ 𝑟−1 𝑟ΛQCD
2𝑢∗

by renormalon at 𝑢 = 𝑢∗

YS, Takaura

A new justification:

Renormalons vanish at  𝑢 =
1

2
,
3

2
,
5

2
, ⋯ !

𝑉QCD 𝑟 = න
𝑑3 Ԧ𝑞

2𝜋 3 𝑒−𝑖𝑞∙ Ԧ𝑟 ෨𝑉QCD 𝑞 =
1

2𝜋2
න
0

∞

𝑑𝑞
sin 𝑞𝑟

𝑞𝑟
෨𝑉QCD 𝑞

Defined via 

Borel transf.

Coincides with the

expression used e.g. 

in 𝛼𝑠-determination by

Takaura, et al. (2018)

Separation and subtraction of renormalons:



Renormalon uncertainty

𝑐𝑛 𝛼𝑠
𝑛 𝜇

𝑅 𝑄 ∝ න
0

𝑄

𝑑𝑞 𝑞𝑃𝛼𝑠 𝑞 = ෍

𝑛

𝑐𝑛 𝛼𝑠
𝑛 𝜇

with 𝑐𝑛 ~ 𝑛! . 

𝛼𝑠 𝑞 =
𝛼𝑠(𝜇)

1−𝑏0𝛼𝑠 𝜇 log(𝜇/𝑞)

‘t Hooft

δ𝑅 ~ ΛQCD/𝑄
𝑃+1

Asymptotic series        Limited accuracy

𝐵𝑅 𝑢 =෍

𝑛

𝑐𝑛
𝑛!

𝑢𝑛
𝑢

× × × × ×
0

Later it was shown that renormalon

uncertainties can be absorbed into

non-pert. matrix elements in OPE.

Mueller

𝛼𝑠𝑅 𝑄 = න
0

∞

𝑑𝑢 𝑒−𝑢/𝛼𝑠 𝐵𝑅(𝑢)



𝑽𝐐𝐂𝐃 𝒓 ~ + 𝒄𝟎 + 𝒄𝟏𝒓 + 𝒄𝟐 𝒓
𝟐 +⋯ at 𝒓 ≪ 𝜦𝐐𝐂𝐃

−𝟏

OPE of QCD potential in Potential-NRQCD

Uncertainty in 𝒄𝟐 𝒓
𝟐 replaced by a non-pert. matrix 

element.

𝒄−𝟏
𝒓

IR renormalons in pert. QCD prediction

Short-distance expansion of  𝑉QCD(𝑟) (qualitative) 

𝑂 𝛬 𝑂 𝛬3𝑟2

IR contr.UV contr.

𝜇fac

1/𝑟

ΛQCD

≫
≫

𝐸

Brambilla, Pineda, 

Soto, Vairo

𝑉QCD 𝑟 = 𝑉𝑈𝑉 𝑟; 𝜇fac + 𝑉𝐼𝑅(𝑟; 𝜇fac)

𝑉𝐼𝑅 𝑟; 𝜇fac = 𝑔2 0׬
∞
𝑑𝑡 𝑒−𝑖𝑡∆𝑉 Ԧ𝑟 ∙ 𝐸𝑎 𝑡 𝜑𝑎𝑏(𝑡) Ԧ𝑟 ∙ 𝐸

𝑏(0) + 𝑂(𝑟3)

singlet       octet        singlet   

IR gluon
𝑉𝐼𝑅 𝑟; 𝜇fac

Ԧ𝑟 ∙ 𝐸𝑎

multipole expansion in Ԧ𝑟

integrated

out



UV contribution 

න𝑑Ω𝑞

𝜇𝑓

1/𝑟

ΛQCD

≫
≫

𝐸

: LL resum.

We can separate 𝜇𝑓 -dependent and 𝜇𝑓 -independent parts as follows.
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≫
≫

𝐸

: LL resum.

We can separate 𝜇𝑓 -dependent and 𝜇𝑓 -independent parts as follows.

ΛQCD 𝜇𝑓

=
𝐶1

𝐶1 − 𝐶3

𝜇𝑓

−

𝐶3

𝜇𝑓

𝑞



UV contribution 
ΛQCD 𝜇𝑓

= −
𝐶1

𝐶3

𝑉𝑈𝑉 𝑟; 𝜇𝒇 = −
2𝐶𝐹
𝜋

Imන𝑑𝑞
𝑒𝑖𝑞𝑟

𝑞𝑟
𝛼1𝐿 𝑞 +

2𝐶𝐹
𝜋

Imන𝑑𝑞
𝑒𝑖𝑞𝑟

𝑞𝑟
𝛼1𝐿(𝑞)

𝐶1 𝐶3

𝜇𝑓

• Along 𝐶3, justified to expand 𝑒𝑖𝑞𝑟 in 𝑖𝑞𝑟, since 𝜇𝑓𝑟 ≪ 1:

𝐴 and 𝜎 can be computed analytically.

𝜇𝑓

1/𝑟

ΛQCD

≫
≫

𝐸

𝜇𝑓
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Cauchy thm

• Along 𝐶3, justified to expand 𝑒𝑖𝑞𝑟 in 𝑖𝑞𝑟, since 𝜇𝑓𝑟 ≪ 1:
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A short-distance expansion in 𝑟 with 
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𝑉𝐶(𝑟)

𝜎 𝑟
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⇐



𝑉𝐶 𝑟 + 𝜎𝑟 including

subleading logs

vs. lattice comp.

hep-ph/0505034

𝑛𝑓 = 0

genuinely UV 𝑂(Λ3𝑟2) renormalons cancel



𝑉𝐶 𝑟 + 𝜎𝑟 including

subleading logs

vs. lattice comp.

𝑛𝑓 = 0

each combination is renormalon-free

genuinely UV 𝑂(Λ3𝑟2) renormalons cancel

arXiv:1411.7853



Interpretation of 𝑉𝐶 𝑟 + 𝜎𝑟

Contributions from IR region subtracted as contour integrals surrounding 

pole (singularity) at 𝑞 = 𝛬QCD.

Can be regarded as generalization of ``integration-by-regions’’ technique.

𝑞

ΛQCD 𝜇𝑓

Im Im= −
1

2𝑖
×



“Integration-by-regions” method

Simplified example:

(= 𝑀)
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“Integration-by-regions” method

Simplified example:

(= 𝑀)



“Integration-by-regions” method

Simplified example:

(= 𝑀)

Contribution of each scale 

given by contour integral 

around singularity



4.   After 1998: Many Applications

Spectroscopy

Decays

Determinations of mb, mc (mt )

Determination of as

Gluon config. inside quarkonium

Casimir scaling violation for static potential
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charmonium hyperfine splitting
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Motivation for precision determinations of heavy quark masses

• Bottom quark

• Top quark

• Constraints on b-t mass ratio of SU(5) GUT models

• Input param. for b physics: e.g.                )           LHCb, Super-B factory

• The only quark mass with undefined mass in current PDG data.

•Tests of Yukawa coupling at LHC and beyond.

cf. LHC

ILC

What mass?𝑚𝑡 = 173.21 ± 0.51 ± 0.71 GeV

𝑚𝑡
MS= 160 −4

+5 GeV



Particle Data Group 2014



Prospects for precision determination of mt from Mtt(1S)

Hoang, et al.

Hagiwara,Y.S.,Yokoya

Kiyo, et al.

in the threshold region

@ future Linear Collider

(threshold region)

@LHC

significantly smaller than 1GeV?
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•

•

•

•

☆Energy density surrounding heavy quarks



            

Casimir scaling hypothesis

cf.
2nd Casimir op.

for rep. R

2-loop

cancel by

3-loop

Casimir scaling violation

Tiny violation predicted, compatible with current lattice data.

supported by lattice 

measurements

…..

protected by C-inv. 

Markum,Faber

Campbell,Jorysz,Michael

Deldar

Bali

Anzai, Kiyo, YS



☆Summary

1. Before 1998: Theoretical problem 

IR ambiguity (renomalon)

2. Around 1998: Drastic improvement

Discovery of cancellation of renormalons

Interpretation,   a linear potential at 

3.   After 1998: Applications

Spectroscopy

Decays

Determinations of mb, mc (mt )

Determination of as

Gluon config. inside quarkonium

Casimir scaling violation for static potential



• OPE of  𝑉QCD(𝑟)

• Log resummation in 𝑉𝑈𝑉(𝑟; 𝜇𝑓)

𝑽𝐐𝐂𝐃 𝒓 ~ + 𝒄𝟎 + 𝒄𝟏𝒓 + 𝒄𝟐 𝒓
𝟐 +⋯ at 𝒓 ≪ 𝜦𝐐𝐂𝐃

−𝟏

Short-distance expansion

𝒄−𝟏
𝒓

Genuinely UV contr. 𝑉𝐶 𝑟 + 𝜎𝑟 identified in pert. prediction.

Generalization to other observables?

{ combines with 

non-pert. matrix element

Which extent is predictive power of perturbative QCD?

☆Summary



Asymptotically
=

Most dominant part is indep. of     !

~L

n
-t

h
te

rm
 o

f 
-V

L
L

ill defined

Renormalon in the QCD potential Aglietti, Ligeti







Interquark force





Wilson coeff. non-pert. contr.

cancel

Y.S. Including 3-loop QCD pot.

Brambilla,Tomo,Soto,Vairo



𝐸𝑋 ≈ 2𝑚𝑏
𝑀𝑆 𝜇 + න

0

𝜇

𝑑𝑞 𝑓𝑋 𝑞 𝛼𝑠(𝑞) Brambilla,YS,Vairo

Recksiegel,YS



for



A ‘Coulomb+Linear potential’ is obtained by 

resummation of logs: YS

Coulombic pot. with log corr. at short-dist.

Coefficient of linear pot.



(             )

= 𝟗. 𝟗𝟒 − 𝟎. 𝟏𝟎 − 𝟎. 𝟏𝟓 − 𝟎. 𝟐𝟎 − 𝟎. 𝟐𝟔 GeV  (Pole-mass scheme)

= 𝟖. 𝟒𝟑 + 𝟎. 𝟔𝟓 + 𝟎. 𝟐𝟔 + 𝟎. 𝟏𝟎 + 𝟎. 𝟎𝟏 GeV  (MS scheme)

= 𝟗. 𝟗𝟒 − 𝟎. 𝟎𝟔 − 𝟎. 𝟏𝟏 − 𝟎. 𝟐𝟐 − 𝟎. 𝟒𝟏 GeV  (Pole-mass scheme)

= 𝟖. 𝟒𝟑 + 𝟏. 𝟎𝟕 + 𝟎. 𝟑𝟎 + 𝟎. 𝟏𝟑 + 𝟎. 𝟎𝟏 GeV  (MS scheme)

m dependence and convergence of Mtt(1S)

(est.)


