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 — Intro to hadronic molecules 

 ● Weinberg’s analysis and its generalisations 
 ● Identifying molecules in line shapes 

 — Theoretical approaches to hadronic molecules 

 ● Low-energy chiral EFT 

 ● Production mechanism 

 — Tcc+ as a DD* molecule

 and  line shape analyses 
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 ● Analysis consistent with three-body unitarity  
 ● Properties of Tcc+  and its spin partners  



 Charmonium spectrum  
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Zcs(3982)

Evidence for Exotic States

XYZ  quarkonium-like states

Pentaquark states: Pc(4312), Pc(4440), Pc(4457), Pcs(4459)

●
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Fully charm tetraquark:   X(6900)

X(3872), …
Zc(3900), Zc(4020),  Zcs(3982) …

Zb(10610), Zb(10650)

Y(4230), Y(4360), Y(4660), …

Tcc+●

-sector:

Bottomonium sector:

Heavy-light sector: Ds0(2317),  Ds1(2460), X0/1(2900),…

●
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Intro to hadronic molecules

!

!      reside  very close to S-wave hadronic thresholds

decay predominantly to nearby hadronic channel(s)

q! q

øQQ

Molecule:   large probability to find a state in a hadron-hadron channel 

specific analytic properties:  hadronic unitarity cut!

  Can this be quantified?
4

weak binding suggests large spatial separation

typical size ~ 
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for a review see Guo et al 2017
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! binding by residual strong forces:  ! ," ,É

! constituents must be narrow



Weinberg criterion:  general idea 
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●   Assume there is a bound state. 

Its full wave function is
— compact part 
— continuum part 
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|! ! 0|! "|2 = " 2 — probability to find a compact component 

— probability to find a molecular component 
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●  Interaction  Hamiltonian: 
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öH 0
hh is a free Hamiltonian

Then, continuum w.f. reads
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! 0with the transition vertex

Note:

Weinberg 1963-65

for details see Weinberg (1963),  V.B. et al (2010) 
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VB et al 2004



From probability to effective coupling
<latexit sha1_base64="kAf0ZuGVC1NxLs92pgF8XP7vTPg="></latexit>

1 = ! ! |! " = ! 2
!

1 +
"

d3p
(2" )3

f 2(p2)
(EB + p2/ (2µ))2

#
Normalization:
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f 2(�! 2) = g2
0

Model-independent extraction of $2  is possible only
 in the weak binding limit for S-wave interaction
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Relation between $2  and measurable coupling of a state with a hadronic channel:

#
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—bare coupling
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R ! 0Compact state: 

Molecule: 
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One-channel scattering amplitude Weinberg 1963-65

Compact state: 

Molecule: 

<latexit sha1_base64="tae+Ma3VyDHUJgh7nCfyozRk+YY="></latexit>

T (E ) =
g2

0

E + EB + g2
0 µ
2⇡ (ik + �)
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By matching the individual terms and using the relation between g02 and $2  one finds
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(a < 0 — bound state or no states at all)
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! 2 ! 1 # small  large and negative  

● Scattering amplitude in terms of g0:

● ERE expansion:
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eff. range  rsc. length   a
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Compact b.s.: 

Molecular b.s.: 
large  a 

small and positive  r 

small  a 
large and negative  r 

Extensions beyond bound states
  101 Page 4 of 13 Eur. Phys. J. A           (2021) 57:101 

Fig. 1 Naming convention for the poles in the k-plane. The thick red
line for positive real valued k marks the physical momenta in the scat-
tering regime

wherea (r ) denotes the scattering length (the effective range).
This yields

a = ! 2
1 ! Z
2 ! Z

1
!

+ O(1/ " ),

r = !
Z

1 ! Z
1
!

+ O(1/ " ) . (16)

To see how these equations work, consider the two extreme
cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = ! 1/ ! , while r = O(1/ " )
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = ! O(1/ " ), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting the O(1/ " ) terms),
one finds

1 ! Z =
!

a
a + 2r

=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.

2.2 Possible extensions of compositeness beyond bound
states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at

k = i
r

"

1 ±
!

1 + 2r
a

.

#

(18)

The leading pole is the pole closest to the physical axis. States
with their leading pole on the positive imaginary momentum

Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = ! a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = ! r is also shown as the dot-
ted line in Fig. 2. The region above the (r = ! a/ 2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = ! i ! = ! i

"
2µ EB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces ! in these equations by ! ! to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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Matuschek, VB, Guo, Hanhart 
EPJA 2021

8



Compact b.s.: 

Molecular b.s.: 
large  a 

small and positive  r 

small  a 
large and negative  r 

Extensions beyond bound states

● Evolution of poles when some QCD parameter (e.g. quark masses) is varied "  change in  a 

Molecular pole: 
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if sc. length changes sign "  virtual state 

Compact pole: 
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r 3

#
if sc. length changes sign "  turns to a resonance
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EPJA 2021

● Can be used to test nature of states on the lattice.  Ex: Ds0*(2317) vs kaon mass
9
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Fig. 1 Naming convention for the poles in the k-plane. The thick red
line for positive real valued k marks the physical momenta in the scat-
tering regime
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cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = ! 1/ ! , while r = O(1/ " )
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = ! O(1/ " ), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting the O(1/ " ) terms),
one finds

1 ! Z =
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a
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=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.

2.2 Possible extensions of compositeness beyond bound
states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at
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The leading pole is the pole closest to the physical axis. States
with their leading pole on the positive imaginary momentum

Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = ! a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = ! r is also shown as the dot-
ted line in Fig. 2. The region above the (r = ! a/ 2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = ! i ! = ! i

"
2µ EB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces ! in these equations by ! ! to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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Fig. 1 Naming convention for the poles in the k-plane. The thick red
line for positive real valued k marks the physical momenta in the scat-
tering regime

wherea (r ) denotes the scattering length (the effective range).
This yields
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+ O(1/ " ),

r = !
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1 ! Z
1
!

+ O(1/ " ) . (16)

To see how these equations work, consider the two extreme
cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = ! 1/ ! , while r = O(1/ " )
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = ! O(1/ " ), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting the O(1/ " ) terms),
one finds

1 ! Z =
!

a
a + 2r

=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.

2.2 Possible extensions of compositeness beyond bound
states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at

k = i
r
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1 ±
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1 + 2r
a

.

#

(18)

The leading pole is the pole closest to the physical axis. States
with their leading pole on the positive imaginary momentum

Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = ! a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = ! r is also shown as the dot-
ted line in Fig. 2. The region above the (r = ! a/ 2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = ! i ! = ! i

"
2µ EB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces ! in these equations by ! ! to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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Fig. 1 Naming convention for the poles in the k-plane. The thick red
line for positive real valued k marks the physical momenta in the scat-
tering regime
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This yields

a = ! 2
1 ! Z
2 ! Z

1
!

+ O(1/ " ),

r = !
Z

1 ! Z
1
!

+ O(1/ " ) . (16)

To see how these equations work, consider the two extreme
cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = ! 1/ ! , while r = O(1/ " )
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = ! O(1/ " ), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting the O(1/ " ) terms),
one finds

1 ! Z =
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a + 2r

=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.

2.2 Possible extensions of compositeness beyond bound
states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at
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The leading pole is the pole closest to the physical axis. States
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Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = ! a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = ! r is also shown as the dot-
ted line in Fig. 2. The region above the (r = ! a/ 2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = ! i ! = ! i

"
2µ EB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces ! in these equations by ! ! to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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● Evolution of poles is included if the original Weinberg compositeness XW generalised as
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øX =

!
1

1 + |2r/a |#

Matuschek, VB, Guo, Hanhart 
EPJA 2021

●
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øX allows one to test compositeness for bound/virtual states and resonances
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line for positive real valued k marks the physical momenta in the scat-
tering regime

wherea (r ) denotes the scattering length (the effective range).
This yields

a = ! 2
1 ! Z
2 ! Z

1
!
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To see how these equations work, consider the two extreme
cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = ! 1/ ! , while r = O(1/ " )
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = ! O(1/ " ), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting the O(1/ " ) terms),
one finds

1 ! Z =
!

a
a + 2r

=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.

2.2 Possible extensions of compositeness beyond bound
states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at
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The leading pole is the pole closest to the physical axis. States
with their leading pole on the positive imaginary momentum

Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = ! a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = ! r is also shown as the dot-
ted line in Fig. 2. The region above the (r = ! a/ 2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = ! i ! = ! i

"
2µ EB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces ! in these equations by ! ! to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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● Other extensions mostly for resonances  by  Jido, Kamai, Nieves, Oller, Oset, Sekihara,…
review 

Kamai and Hyodo 2017
10/34



The archetypical example: the deuteron
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X W = 1 ! ! 2 =

!
1

1 + 2r/a

● 
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X̄ =

s
1

1 + |2r/a |
⇡ 0.8

Matuschek, VB, Guo, Hanhart 
EPJA 2021
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EB = md ! mp ! mn = 2 .22 MeV

● 
# large  a:

small and positive  r  ~!O(1/M! )  
#

<latexit sha1_base64="KYhA3V6MveZoEFbYBct3tEjS6i8="></latexit>

|a| ! |r |

Binding energy:

Clear molecule

But
and has a pole when  r/a is negative

<latexit sha1_base64="dVDfiHINRNeGEZ4UVw4X1aPSgn4="></latexit>

XW ⇡ 1.7 >> 1

was derived in the zero-range approximation ● 

Not quite close to 1 for the deuteron

11

● Meanwhile, ~ 1,  as expected for a molecule 
up to the range corrections

<latexit sha1_base64="OZm3ppTkoVVvVZIMCBMM0ZIdq14="></latexit>

a = ! 5.41 fm
<latexit sha1_base64="gZXx+EtUZxdlAmu6jOaBnvHdx28="></latexit>

r = +1 .75 fm



Extension to a coupled-channel case

● 

Matuschek, VB, Guo, Hanhart 
EPJA 2021

● 

12

Does large and negative effective range point to a compact state? Not necessarily!

In a coupled-channels case the amplitude to be used in fits reads
<latexit sha1_base64="/iOVQjPjAliZHLaFtPj1UZ4vVv0="></latexit>
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µ1g2
1

+ ! r
Term from second channel
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! 2 = mthr2 ! mthr1
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in contrast to Esposito et al. 2108.11413 
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EB << ! 2

VB et al. 2004
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VB, Dong, Du, Filin, Guo, Hanhart, Nefediev, Nieves, Wang  e-Print: 2110.07484

Examples:

X(3872) as 
<latexit sha1_base64="s8zYaKT5bB1C+arPdURUb8xjHlg="></latexit>

D 0 øD ! 0/D ± øD !"
<latexit sha1_base64="s8gMmy53S8i/1maCksaiOLlo5cA="></latexit>

! 2 = 8 MeV
<latexit sha1_base64="PW829bZ/GWmzcJ3OdAnPWRBkrA8="></latexit>

�r ' �1.6 fm

—  as 
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D 0D ! + /D + D ! 0
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! 2 = 1 .4 MeV
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! r ! " 3.8 fm
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T +
cc

● This is a hadronic coupled-channel effect   #     subtract before using Weinberg criterion!

● 

in contrast to Esposito et al. 2108.11413 
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VB et al. 2004



Identifying a molecule in observables

<latexit sha1_base64="HGSSPzZ0cLI1DBWIe027x0vV8NI="></latexit>

Aprod =
const

E + EB + g2
0 µ
2! (ik + ! ) + i ! 0

2

-!" -#" #" !"
E !MeV"

! !" ! # # !"
! !"#$ " ! !" ! # # !" !# $"

! !"#$ "

Typical shape of the production rate:   Molecule vs  Compact

large g0 #  molecule  

g0 =0  #  (Breit-Wigner) compact state  

blue — Breit-Wigner red — large molecular admixture

Line shapes are strongly affected by the threshold cusp#

bound state virtual state resonance

13

VB et al.(2004, 2005),  Braaten et al.(2007), Hanhart et al.(2010), Oset et al.(2012),  Oller et al.(2016), … 



Identifying a molecule in observablesÉ a caveat

●   For narrow states the energy resolution must be very good.

The signal from the threshold is smeared by the energy resolution●

●  Recent LHCb study of
<latexit sha1_base64="CblR2IeNjdbDJyr2ZLlpwvGf8zc="></latexit>

X (3872) ! J/ ! !!

always a contribution to both the imaginary and real part of
the denominator function in Eq. (2). Repeating the fit
results in a similar but worse fit quality with a log-
likelihood difference of 0.1. The width ! 0 is reduced by
0.2 MeV, which is the smallest systematic uncertainty on
this parameter.

C. Comparison between Breit-Wigner
and Flatté lineshapes

Figure 4 shows the comparison between the Breit-
Wigner and the Flatté lineshapes. While in both cases
the signal peaks at the same mass, the Flatté model results
in a significantly narrower lineshape. However, after
folding with the resolution function and adding the back-
ground, the observable distributions are indistinguishable.
To quantify this comparison the fit results for the mode,

the mean and the full width at half maximum (FWHM) of
the Flatté model and their uncertainties are summarized in
Table VI. The mode of the Flatté distribution agrees within
uncertainties with the Breit-Wigner solution. However, the
FWHM of the Flatté model is a factor of 5 smaller than the
Breit-Wigner width. To check the consistency of these
seemingly contradictory results, pseudoexperiments gen-
erated with the Flatté model and folded with the known
resolution function are analyzed with the Breit-Wigner
model. Figure 5 shows the resulting distribution of the
Breit-Wigner width determined from the pseudoexperi-
ments, which is in good agreement with the value observed

in the data. This demonstrates that the value obtained for
the Breit-Wigner width, after taking into account the
experimental resolution, is consistent with the expectation
of the Flatté model. The result highlights the importance of
a proper lineshape parametrization for a measurement of
the location of the pole.

D. Pole search

The amplitude as a function of the energy defined by
Eq. (2) can be continued analytically to complex values of
the energy E. This continuation is valid up to singularities
of the amplitude. There are two types of singularities,
which are relevant here: poles and branch points. Poles of

TABLE V. Systematic uncertainty on the measurement of the Flatté parameters.

Systematic g f! × 103 ! 0 (MeV)

Model ! 0.003 −0.004 ! 0.6 −0.5 ! 0.5 −0.4
Momentum scale ! 0.003 −0.003 ! 0.1 −0.2 ! 0.1 −0.2
Threshold mass ! 0.003 −0.003 ! 0.2 −0.2 ! 0.2 −0.3
D"0 width −0.001 −0.2

Sum in quadrature ! 0.005 −0.006 ! 0.7 −0.6 ! 0.6 −0.6
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FIG. 4. Comparison of the Flatté (solid, red) and Breit–Wigner
(dotted, black) lineshapes. The left plot shows the raw lineshapes
for the default fits. The location of the D0 D̄"0 threshold is
indicated by the blue vertical line. On the right the distributions
are shown after applying smearing with the resolution function
and adding background.

TABLE VI. Results of the fit with the Flatté lineshape including
statistical and systematic uncertainties. The Flatté mass parameter
m0 # 3864.5 MeV is used.

Mode (MeV) Mean (MeV) FWHM (MeV)

3871.69! 0.00! 0.05
−0.04−0.13 3871.66! 0.07! 0.11

−0.06−0.13 0.22! 0.06! 0.25
−0.08−0.17
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FIG. 5. Distribution of the FWHM obtained for simulated
experiments generated from the result of the Flatté model and
fitted with the Breit-Wigner model (filled histogram). Both
models account for the experimental resolution. The dashed
red line shows the FWHM of the Flatté lineshape, while the solid
blue line indicates the value of the Breit-Wigner width observed
in the data.
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Regarding the correlations
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#
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Since Ep $ ! one may ap-
proximate correlation pa-
rameter free

g2(Ef , 0) = !

'
2

µ2!
Ef

To remove correlation:

Express Ef by Ep

The Weinberg Compositeness Criterion Ð p. 10/13

LHCb, PRD 102 092005 (2020)

Nevertheless 
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g2
1 = 0 .108± 0.003

The variation of %LL by 1 corresponds to Ef from -2.5 to -270 MeV

# bad sensitivity to g2

was extracted # should be treated as 
an lower bound
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µ1g2

1
�

!
µ2

2µ2
1! 2

= ( �3.8�1.6) fm
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R a = ! 27.9 fm
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øX > 0.9#
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#
lower bound

●

●

VB, Dong, Du, Filin, Guo, Hanhart, Nefediev, Nieves, Wang  e-Print: 2110.07484
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●   Elastic coupled-channel hadronic

! typical soft scale Q may be quite large because of coupled-channels
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●   Elastic coupled-channel hadronic

! typical soft scale Q may be quite large because of coupled-channels
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Fig. 5.2: Triangle-like diagrams forP! øP " P! øP

Fig. 5.3: Triangle-like diagrams forP! øP! " P! øP!

Fig. 5.4: Triangle-like diagram forP øP! " P øP

Fig. 5.5: Triangle-like diagram forP! øP " P! øP!
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Applying eq. (A.1):
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This integral vanishes due to symmetry as well (cf. eq. (5.6)).

Ve!
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5.1.2 The football diagrams

The football diagrams consist solely out of 4-vertices. Since the Feynman rules in eq. (2.26)
and (2.27) only di! er by their polarization vectors, we can write down theP øP # P øP scattering
explicitly and adjust for the other two possibilities.

Fig. 5.6: Football-like diagrams
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where we put in a combinatoric factor of 1/ 2 due to the symmetry of the loop. Usingq0 = 0
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Again, we abbreviated the integral with I fb. Its result is presented in sec. B.2. Therefore, the
calculation of the football diagram for PP̄ ! PP̄ scattering yields:
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4 f 4
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I fb (5.9)

Proceeding analogously for P" P̄ ! P" P̄ and P" P̄" ! P" P̄" scattering reads:
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5.1.3 The box diagrams
The box diagrams consist exclusively out of 3-vertices, which either form a planar or a crossed
box. In the planar box, only the irreducible part and not an iterated 1PE is part of the e! ective
potential. When applying the residue theorem to the various integrals, we will see that the
planar box splits: the first part can be identified as the iterated 1PE, the second one matches
the crossed box integral (cf. sec. B.3). This is explicitly shown for PP̄ ! PP̄ scattering but
works identically for the other cases.

Fig. 5.7: Box-like diagrams for PP̄ ! PP̄

Fig. 5.8: Box-like diagrams for P" P̄ ! P" P̄

Fig. 5.9: Box-like diagrams for P" P̄ ! PP̄"
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Fig. 5.2: Triangle-like diagrams forP! øP " P! øP

Fig. 5.3: Triangle-like diagrams forP! øP! " P! øP!

Fig. 5.4: Triangle-like diagram forP øP! " P øP

Fig. 5.5: Triangle-like diagram forP! øP " P! øP!
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Applying eq. (A.1):

= !
g2m2
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8f 4
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l0

l0 ! i%
&mns(l + q)mls

[(l + q)2 ! m2
! + i%][ l2 ! m2

! + i%]

This integral vanishes due to symmetry as well (cf. eq. (5.6)).

Ve!
tr (P" øP # P" øP" ) = 0 (5.8)

5.1.2 The football diagrams

The football diagrams consist solely out of 4-vertices. Since the Feynman rules in eq. (2.26)
and (2.27) only di! er by their polarization vectors, we can write down theP øP # P øP scattering
explicitly and adjust for the other two possibilities.

Fig. 5.6: Football-like diagrams

P P

øP øP

(Ep, "p) (Ep, "p$)

(Ep, ! "p) (Ep, ! "p$)

l! dl + q ! c

= i
1
2

"
1

4f 2
!

mB

#2 !
d4l

(2! )4
(2l0 + q0)&cde(#1)e

i
(l + q)2 ! m2

! + i%
i

l2 ! m2
! + i%

%
$
! (2l0 + q0)

%
&cd f(#2) f ,

where we put in a combinatoric factor of 1/ 2 due to the symmetry of the loop. Usingq0 = 0
and&cde&cd f = 2$e f gives:
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Again, we abbreviated the integral with I fb. Its result is presented in sec. B.2. Therefore, the
calculation of the football diagram for PP̄ ! PP̄ scattering yields:

Ve!
fb (PP̄) = i

m2
B

4 f 4
!

!
"#1 á"#2

"
I fb (5.9)

Proceeding analogously for P" P̄ ! P" P̄ and P" P̄" ! P" P̄" scattering reads:

Ve!
fb (P" P̄) = i

m2
B

4 f 4
!

!
"#1 á"#2

"
$ikI fb (5.10)

Ve!
fb (P" P̄" ) = i

m2
B

4 f 4
!

!
"#1 á"#2

"
$ik$lnI fb (5.11)

5.1.3 The box diagrams
The box diagrams consist exclusively out of 3-vertices, which either form a planar or a crossed
box. In the planar box, only the irreducible part and not an iterated 1PE is part of the e! ective
potential. When applying the residue theorem to the various integrals, we will see that the
planar box splits: the first part can be identified as the iterated 1PE, the second one matches
the crossed box integral (cf. sec. B.3). This is explicitly shown for PP̄ ! PP̄ scattering but
works identically for the other cases.

Fig. 5.7: Box-like diagrams for PP̄ ! PP̄

Fig. 5.8: Box-like diagrams for P" P̄ ! P" P̄

Fig. 5.9: Box-like diagrams for P" P̄ ! PP̄"
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●   Amplitudes are solutions of the coupled-channel (() ) integral equations
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FIG. 4. Diagrams contributing to the ! (10860) ! ! B ( ! ) øB ( ! )

decay amplitude: diagrams (a), (b1) and (b2) (in the Þrst
line) form a gauge invariant subset of tree level contribu-
tions, while diagrams (c1), (c2), (d) and (e) correspond to a
gauge invariant subset of contributions at the one-loop level.
The vertex in diagrams (a) and (d) comes from gauging the
! (10860) ! B ( ! ) øB ( ! ) vertex; the photon vertices in (b1),
(b2), (c1) and (c2) are from gauging the kinetic terms of the
heavy mesons. The diagram (d) is needed to account for
gauging the regulator used in the loops and for a nonpoint-
like character of the amplitude in the Þnal state.

TABLE II. Ratios of the coupling constants, " ( J ++ )
! , respon-

sible for the production of the WbJ states in the radiative
decays! (10860) ! ! WbJ .

B øB (1S0) B ! øB ! (1S0) B øB ! (3S1, +) B ! øB ! (5S2)

1 1/
"

3 2
!

20/ 3

(a coupled-channel version of this relation is provided in
Ref. [? ]). In the heavy quark limit the functions A
and B do not depend on the channel. Moreover, since
the momentum dependence of the functionsA(p! ) and
B! (p! ) is controlled by the left-hand cuts of the produc-
tion operator and the scattering amplitude, respectively,
we expect that near thresholds both are well approxi-
mated by constants, which are also independent of the
channel in the heavy quark limit. Based on this one can
predict the ratios of the partial widths for di ! erent de-
cay channels of theWbJ Õs, up to spin symmetry violating
corrections.

It is proposed in Ref. [? ] that the most prominent
production mechanism for theZb states in the " (10860)
and " (11020) decays involvesB !

1
øB or B0 øB intermediate

states, with B0 and B !
1 being the broad members of the

quadruplet of the positive P-parity B mesons. If this
proposal is correct, the decay mechanism through the
B (" ) øB (" ) pairs considered above will give only a small
contribution. However, it should be stressed that the
mechanism proposed in Ref. [? ] should not change the
line shapes but only the total rate of the production cross
sections, which is not a subject of the current study.

B. Coupled-channel system

The set of the allowed quantum numbers for the
B (" ) øB (" ) system is encoded in the basis vectors quoted
in Eq. (??). Inclusion of the OPE interaction enables
transitions to the D and evenG waves [? ].

For a given set J P C the system of the partial-wave-
decomposed coupled-channel Lippmann-Schwinger-type
equations reads

T!" = V e!
!" !

!

#

ö
d3q

(2! )3 V e!
!# G# T#"

T!" (M, p, p!) = V e!
!" (p, p!) (62)

!
!

#

ö
d3q

(2! )3 V e!
!# (p, q)G# (M, q)T#" (M, q, p!),

where " , #, and $ label the basis vectors deÞned in
Eq. (??), the e! ective potential is deÞned by Eq. (??),
and the scattering amplitude T!" is related with the in-
variant amplitude M !" as

T!" = !
M !""

(2m1,! )(2m2,! )(2m1," )(2m2," )
, (63)

with m1,! and m2,! (m1," and m2," ) being the masses
of the B (" ) mesons in the channel" (#). The two-body
propagator for the given setJ P C takes the form

G# =
#
q2/ (2µ# ) + m1,# + m2,# ! M ! i%

$# 1
, (64)

where the reduced mass is

µ# =
m1,# m2,#

m1,# + m2,#
. (65)

It is convenient to deÞne the energyEi relative to a par-
ticular threshold, namely,

M = 2m + E1 " m + m" + E2 " 2m" + E3. (66)

Finally, to render the loop integrals well deÞned we
introduce a sharp ultraviolet cuto! # which needs to
be larger than all typical three-momenta related to the
coupled-channel dynamics. For the results presented be-
low we choose# = 1 GeV but we also address the prob-
lem of the renormalisability of the resulting EFT and es-
timate and discuss the theoretical uncertainty from the
cuto! variation.

G - Green functions
Unitarity and analyticity

Consistent with

our works 2010-till now
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●   Elastic coupled-channel hadronic

! typical soft scale Q may be quite large because of coupled-channels
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Fig. 5.3: Triangle-like diagrams forP! øP! " P! øP!

Fig. 5.4: Triangle-like diagram forP øP! " P øP

Fig. 5.5: Triangle-like diagram forP! øP " P! øP!
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Applying eq. (A.1):

= !
g2m2

B

8f 4
!

("#1 á"#2)$ik

!
d4l

(2! )4

l0

l0 ! i%
&mns(l + q)mls

[(l + q)2 ! m2
! + i%][ l2 ! m2

! + i%]

This integral vanishes due to symmetry as well (cf. eq. (5.6)).

Ve!
tr (P" øP # P" øP" ) = 0 (5.8)

5.1.2 The football diagrams

The football diagrams consist solely out of 4-vertices. Since the Feynman rules in eq. (2.26)
and (2.27) only di! er by their polarization vectors, we can write down theP øP # P øP scattering
explicitly and adjust for the other two possibilities.

Fig. 5.6: Football-like diagrams
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where we put in a combinatoric factor of 1/ 2 due to the symmetry of the loop. Usingq0 = 0
and&cde&cd f = 2$e f gives:
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Again, we abbreviated the integral with I fb. Its result is presented in sec. B.2. Therefore, the
calculation of the football diagram for PP̄ ! PP̄ scattering yields:

Ve!
fb (PP̄) = i

m2
B

4 f 4
!

!
"#1 á"#2

"
I fb (5.9)

Proceeding analogously for P" P̄ ! P" P̄ and P" P̄" ! P" P̄" scattering reads:

Ve!
fb (P" P̄) = i

m2
B

4 f 4
!

!
"#1 á"#2

"
$ikI fb (5.10)

Ve!
fb (P" P̄" ) = i

m2
B

4 f 4
!

!
"#1 á"#2

"
$ik$lnI fb (5.11)

5.1.3 The box diagrams
The box diagrams consist exclusively out of 3-vertices, which either form a planar or a crossed
box. In the planar box, only the irreducible part and not an iterated 1PE is part of the e! ective
potential. When applying the residue theorem to the various integrals, we will see that the
planar box splits: the first part can be identified as the iterated 1PE, the second one matches
the crossed box integral (cf. sec. B.3). This is explicitly shown for PP̄ ! PP̄ scattering but
works identically for the other cases.

Fig. 5.7: Box-like diagrams for PP̄ ! PP̄

Fig. 5.8: Box-like diagrams for P" P̄ ! P" P̄

Fig. 5.9: Box-like diagrams for P" P̄ ! PP̄"
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●   Amplitudes are solutions of the coupled-channel (() ) integral equations
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FIG. 4. Diagrams contributing to the ! (10860) ! ! B ( ! ) øB ( ! )

decay amplitude: diagrams (a), (b1) and (b2) (in the Þrst
line) form a gauge invariant subset of tree level contribu-
tions, while diagrams (c1), (c2), (d) and (e) correspond to a
gauge invariant subset of contributions at the one-loop level.
The vertex in diagrams (a) and (d) comes from gauging the
! (10860) ! B ( ! ) øB ( ! ) vertex; the photon vertices in (b1),
(b2), (c1) and (c2) are from gauging the kinetic terms of the
heavy mesons. The diagram (d) is needed to account for
gauging the regulator used in the loops and for a nonpoint-
like character of the amplitude in the Þnal state.

TABLE II. Ratios of the coupling constants, " ( J ++ )
! , respon-

sible for the production of the WbJ states in the radiative
decays! (10860) ! ! WbJ .

B øB (1S0) B ! øB ! (1S0) B øB ! (3S1, +) B ! øB ! (5S2)

1 1/
"

3 2
!

20/ 3

(a coupled-channel version of this relation is provided in
Ref. [? ]). In the heavy quark limit the functions A
and B do not depend on the channel. Moreover, since
the momentum dependence of the functionsA(p! ) and
B! (p! ) is controlled by the left-hand cuts of the produc-
tion operator and the scattering amplitude, respectively,
we expect that near thresholds both are well approxi-
mated by constants, which are also independent of the
channel in the heavy quark limit. Based on this one can
predict the ratios of the partial widths for di ! erent de-
cay channels of theWbJ Õs, up to spin symmetry violating
corrections.

It is proposed in Ref. [? ] that the most prominent
production mechanism for theZb states in the " (10860)
and " (11020) decays involvesB !

1
øB or B0 øB intermediate

states, with B0 and B !
1 being the broad members of the

quadruplet of the positive P-parity B mesons. If this
proposal is correct, the decay mechanism through the
B (" ) øB (" ) pairs considered above will give only a small
contribution. However, it should be stressed that the
mechanism proposed in Ref. [? ] should not change the
line shapes but only the total rate of the production cross
sections, which is not a subject of the current study.

B. Coupled-channel system

The set of the allowed quantum numbers for the
B (" ) øB (" ) system is encoded in the basis vectors quoted
in Eq. (??). Inclusion of the OPE interaction enables
transitions to the D and evenG waves [? ].

For a given set J P C the system of the partial-wave-
decomposed coupled-channel Lippmann-Schwinger-type
equations reads

T!" = V e!
!" !

!

#

ö
d3q

(2! )3 V e!
!# G# T#"

T!" (M, p, p!) = V e!
!" (p, p!) (62)

!
!

#

ö
d3q

(2! )3 V e!
!# (p, q)G# (M, q)T#" (M, q, p!),

where " , #, and $ label the basis vectors deÞned in
Eq. (??), the e! ective potential is deÞned by Eq. (??),
and the scattering amplitude T!" is related with the in-
variant amplitude M !" as

T!" = !
M !""

(2m1,! )(2m2,! )(2m1," )(2m2," )
, (63)

with m1,! and m2,! (m1," and m2," ) being the masses
of the B (" ) mesons in the channel" (#). The two-body
propagator for the given setJ P C takes the form

G# =
#
q2/ (2µ# ) + m1,# + m2,# ! M ! i%

$# 1
, (64)

where the reduced mass is

µ# =
m1,# m2,#

m1,# + m2,#
. (65)

It is convenient to deÞne the energyEi relative to a par-
ticular threshold, namely,

M = 2m + E1 " m + m" + E2 " 2m" + E3. (66)

Finally, to render the loop integrals well deÞned we
introduce a sharp ultraviolet cuto! # which needs to
be larger than all typical three-momenta related to the
coupled-channel dynamics. For the results presented be-
low we choose# = 1 GeV but we also address the prob-
lem of the renormalisability of the resulting EFT and es-
timate and discuss the theoretical uncertainty from the
cuto! variation.

G - Green functions
Unitarity and analyticity

Consistent with

our works 2010-till now

17

Hadronic molecules are dynamically generated poles of 
the scattering amplitude, located close to threshold! 
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Additional remarks on production and FSI
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● Pointlike production amplitudes
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H
<latexit sha1_base64="zFgakf0wZ8TsQ7ROciarN4vAkYs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKBnjNU=</latexit>

H

<latexit sha1_base64="cjEEE2ZTyMA9Z2DKgxsgjLYPTTE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9CJ4qWA/oF1KNs22odlsSLJCWfojvHhQxKu/x5v/xnS7B219MPB4b4aZeYHkTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK3jRBHaIjGPVTfAmnImaMsww2lXKoqjgNNOMLmd+50nqjSLxaOZSupHeCRYyAg2Vur0JUPV+/NBueLW3AxolXg5qUCO5qD81R/GJImoMIRjrXueK42fYmUY4XRW6ieaSkwmeER7lgocUe2n2bkzdGaVIQpjZUsYlKm/J1IcaT2NAtsZYTPWy95c/M/rJSa89lMmZGKoIItFYcKRidH8dzRkihLDp5Zgopi9FZExVpgYm1DJhuAtv7xK2hc177JWf6hXGjd5HEU4gVOoggdX0IA7aEILCEzgGV7hzZHOi/PufCxaC04+cwx/4Hz+AAk0jro=</latexit>

⇡(K)
<latexit sha1_base64="cjEEE2ZTyMA9Z2DKgxsgjLYPTTE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9CJ4qWA/oF1KNs22odlsSLJCWfojvHhQxKu/x5v/xnS7B219MPB4b4aZeYHkTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK3jRBHaIjGPVTfAmnImaMsww2lXKoqjgNNOMLmd+50nqjSLxaOZSupHeCRYyAg2Vur0JUPV+/NBueLW3AxolXg5qUCO5qD81R/GJImoMIRjrXueK42fYmUY4XRW6ieaSkwmeER7lgocUe2n2bkzdGaVIQpjZUsYlKm/J1IcaT2NAtsZYTPWy95c/M/rJSa89lMmZGKoIItFYcKRidH8dzRkihLDp5Zgopi9FZExVpgYm1DJhuAtv7xK2hc177JWf6hXGjd5HEU4gVOoggdX0IA7aEILCEzgGV7hzZHOi/PufCxaC04+cwx/4Hz+AAk0jro=</latexit>

⇡(K)

<latexit sha1_base64="wEI8JztgPf6N92x6CusVkC/0LZg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI5vjyE=</latexit>↵
<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

� — elastic chan.
<latexit sha1_base64="cjEEE2ZTyMA9Z2DKgxsgjLYPTTE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9CJ4qWA/oF1KNs22odlsSLJCWfojvHhQxKu/x5v/xnS7B219MPB4b4aZeYHkTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK3jRBHaIjGPVTfAmnImaMsww2lXKoqjgNNOMLmd+50nqjSLxaOZSupHeCRYyAg2Vur0JUPV+/NBueLW3AxolXg5qUCO5qD81R/GJImoMIRjrXueK42fYmUY4XRW6ieaSkwmeER7lgocUe2n2bkzdGaVIQpjZUsYlKm/J1IcaT2NAtsZYTPWy95c/M/rJSa89lMmZGKoIItFYcKRidH8dzRkihLDp5Zgopi9FZExVpgYm1DJhuAtv7xK2hc177JWf6hXGjd5HEU4gVOoggdX0IA7aEILCEzgGV7hzZHOi/PufCxaC04+cwx/4Hz+AAk0jro=</latexit>

⇡(K)
<latexit sha1_base64="zFgakf0wZ8TsQ7ROciarN4vAkYs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKBnjNU=</latexit>

H — inelastic chan.

Migdal-Watson theorem

Poles are sitting here

<latexit sha1_base64="kRJVuCwFhWdpNxSenjuBDtqQiAY=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiRT0WvXis0C9oQphsN+3SzSbsboQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8MOVMacf5tkobm1vbO+Xdyt7+wWHVPjruqiSThHZIwhPZD0FRzgTtaKY57aeSQhxy2gsnd3O/90ilYolo62lK/RhGgkWMgDZSYFfbQe4BT8fghVTDLLBrTt1ZAK8TtyA1VKAV2F/eMCFZTIUmHJQauE6q/RykZoTTWcXLFE2BTGBEB4YKiKny88XhM3xulCGOEmlKaLxQf0/kECs1jUPTGYMeq1VvLv7nDTId3fg5E2mmqSDLRVHGsU7wPAU8ZJISzaeGAJHM3IrJGCQQbbKqmBDc1ZfXSfey7l7VGw+NWvO2iKOMTtEZukAuukZNdI9aqIMIytAzekVv1pP1Yr1bH8vWklXMnKA/sD5/APmGk08=</latexit>

T↵�

<latexit sha1_base64="6vhN/mD4XDOL3lB0+EfUfvzD1iI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V+gVNKJPttl262YTdjVBC/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXJoJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqylo0FrHqhqiZ4JK1DDeCdRPFMAoF64ST+7nfeWJK81g2zTRhQYQjyYecorGS3+xnPopkjITP+uWKW3UXIOvEy0kFcjT65S9/ENM0YtJQgVr3PDcxQYbKcCrYrOSnmiVIJzhiPUslRkwH2eLmGbmwyoAMY2VLGrJQf09kGGk9jULbGaEZ61VvLv7n9VIzvA0yLpPUMEmXi4apICYm8wDIgCtGjZhaglRxeyuhY1RIjY2pZEPwVl9eJ+2rqnddrT3WKvW7PI4inME5XIIHN1CHB2hACygk8Ayv8Oakzovz7nwsWwtOPnMKf+B8/gDWoZGR</latexit>

T! i
<latexit sha1_base64="6vhN/mD4XDOL3lB0+EfUfvzD1iI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V+gVNKJPttl262YTdjVBC/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXJoJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqylo0FrHqhqiZ4JK1DDeCdRPFMAoF64ST+7nfeWJK81g2zTRhQYQjyYecorGS3+xnPopkjITP+uWKW3UXIOvEy0kFcjT65S9/ENM0YtJQgVr3PDcxQYbKcCrYrOSnmiVIJzhiPUslRkwH2eLmGbmwyoAMY2VLGrJQf09kGGk9jULbGaEZ61VvLv7n9VIzvA0yLpPUMEmXi4apICYm8wDIgCtGjZhaglRxeyuhY1RIjY2pZEPwVl9eJ+2rqnddrT3WKvW7PI4inME5XIIHN1CHB2hACygk8Ayv8Oakzovz7nwsWwtOPnMKf+B8/gDWoZGR</latexit>

T! i
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Additional remarks on production and FSI

Uel = +

<latexit sha1_base64="cjEEE2ZTyMA9Z2DKgxsgjLYPTTE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9CJ4qWA/oF1KNs22odlsSLJCWfojvHhQxKu/x5v/xnS7B219MPB4b4aZeYHkTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK3jRBHaIjGPVTfAmnImaMsww2lXKoqjgNNOMLmd+50nqjSLxaOZSupHeCRYyAg2Vur0JUPV+/NBueLW3AxolXg5qUCO5qD81R/GJImoMIRjrXueK42fYmUY4XRW6ieaSkwmeER7lgocUe2n2bkzdGaVIQpjZUsYlKm/J1IcaT2NAtsZYTPWy95c/M/rJSa89lMmZGKoIItFYcKRidH8dzRkihLDp5Zgopi9FZExVpgYm1DJhuAtv7xK2hc177JWf6hXGjd5HEU4gVOoggdX0IA7aEILCEzgGV7hzZHOi/PufCxaC04+cwx/4Hz+AAk0jro=</latexit>

⇡(K)

● Pointlike production amplitudes

Uinel = +

<latexit sha1_base64="wEI8JztgPf6N92x6CusVkC/0LZg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI5vjyE=</latexit>↵ <latexit sha1_base64="wEI8JztgPf6N92x6CusVkC/0LZg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI5vjyE=</latexit>↵

<latexit sha1_base64="wEI8JztgPf6N92x6CusVkC/0LZg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI5vjyE=</latexit>↵

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�

<latexit sha1_base64="cjEEE2ZTyMA9Z2DKgxsgjLYPTTE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9CJ4qWA/oF1KNs22odlsSLJCWfojvHhQxKu/x5v/xnS7B219MPB4b4aZeYHkTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK3jRBHaIjGPVTfAmnImaMsww2lXKoqjgNNOMLmd+50nqjSLxaOZSupHeCRYyAg2Vur0JUPV+/NBueLW3AxolXg5qUCO5qD81R/GJImoMIRjrXueK42fYmUY4XRW6ieaSkwmeER7lgocUe2n2bkzdGaVIQpjZUsYlKm/J1IcaT2NAtsZYTPWy95c/M/rJSa89lMmZGKoIItFYcKRidH8dzRkihLDp5Zgopi9FZExVpgYm1DJhuAtv7xK2hc177JWf6hXGjd5HEU4gVOoggdX0IA7aEILCEzgGV7hzZHOi/PufCxaC04+cwx/4Hz+AAk0jro=</latexit>

⇡(K)

<latexit sha1_base64="cjEEE2ZTyMA9Z2DKgxsgjLYPTTE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9CJ4qWA/oF1KNs22odlsSLJCWfojvHhQxKu/x5v/xnS7B219MPB4b4aZeYHkTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK3jRBHaIjGPVTfAmnImaMsww2lXKoqjgNNOMLmd+50nqjSLxaOZSupHeCRYyAg2Vur0JUPV+/NBueLW3AxolXg5qUCO5qD81R/GJImoMIRjrXueK42fYmUY4XRW6ieaSkwmeER7lgocUe2n2bkzdGaVIQpjZUsYlKm/J1IcaT2NAtsZYTPWy95c/M/rJSa89lMmZGKoIItFYcKRidH8dzRkihLDp5Zgopi9FZExVpgYm1DJhuAtv7xK2hc177JWf6hXGjd5HEU4gVOoggdX0IA7aEILCEzgGV7hzZHOi/PufCxaC04+cwx/4Hz+AAk0jro=</latexit>

⇡(K)
<latexit sha1_base64="cjEEE2ZTyMA9Z2DKgxsgjLYPTTE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9CJ4qWA/oF1KNs22odlsSLJCWfojvHhQxKu/x5v/xnS7B219MPB4b4aZeYHkTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK3jRBHaIjGPVTfAmnImaMsww2lXKoqjgNNOMLmd+50nqjSLxaOZSupHeCRYyAg2Vur0JUPV+/NBueLW3AxolXg5qUCO5qD81R/GJImoMIRjrXueK42fYmUY4XRW6ieaSkwmeER7lgocUe2n2bkzdGaVIQpjZUsYlKm/J1IcaT2NAtsZYTPWy95c/M/rJSa89lMmZGKoIItFYcKRidH8dzRkihLDp5Zgopi9FZExVpgYm1DJhuAtv7xK2hc177JWf6hXGjd5HEU4gVOoggdX0IA7aEILCEzgGV7hzZHOi/PufCxaC04+cwx/4Hz+AAk0jro=</latexit>

⇡(K)

<latexit sha1_base64="zFgakf0wZ8TsQ7ROciarN4vAkYs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKBnjNU=</latexit>

H
<latexit sha1_base64="zFgakf0wZ8TsQ7ROciarN4vAkYs=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKBnjNU=</latexit>

H

<latexit sha1_base64="cjEEE2ZTyMA9Z2DKgxsgjLYPTTE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9CJ4qWA/oF1KNs22odlsSLJCWfojvHhQxKu/x5v/xnS7B219MPB4b4aZeYHkTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK3jRBHaIjGPVTfAmnImaMsww2lXKoqjgNNOMLmd+50nqjSLxaOZSupHeCRYyAg2Vur0JUPV+/NBueLW3AxolXg5qUCO5qD81R/GJImoMIRjrXueK42fYmUY4XRW6ieaSkwmeER7lgocUe2n2bkzdGaVIQpjZUsYlKm/J1IcaT2NAtsZYTPWy95c/M/rJSa89lMmZGKoIItFYcKRidH8dzRkihLDp5Zgopi9FZExVpgYm1DJhuAtv7xK2hc177JWf6hXGjd5HEU4gVOoggdX0IA7aEILCEzgGV7hzZHOi/PufCxaC04+cwx/4Hz+AAk0jro=</latexit>

⇡(K)
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H — inelastic chan.

Migdal-Watson theorem

Poles are sitting here
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● Triangle diagrams 

Figure 14: A triangle diagram for the reaction from A to B and C. The two vertical dashed
lines denote the two relevant cuts discussed in Section4.1.

Peierls mechanism [283] focuses on the singularity e! ect in the distribution of mC, i.e., the invariant
mass of the Þnal state, withmA Þxed near the threshold (m

1

+ m
2

). We will discuss the two cases
separately in the following sections. However, Schmid in Ref. [74] argued that for the single-channel
case the rescattering diagrams cannot produce obvious peaks in the Dalitz plot projections, even if the
rescattering amplitude possesses a TS on the physical boundary. For the elastic rescattering process, in
addition to the triangle diagram, there must also be a corresponding resonance-production tree diagram.
When it is added coherently to the triangle rescattering diagram, for which the TS dominates over the
non-singular part, the e! ect of the triangle diagram is nothing more than multiplying a partial wave
amplitude of the tree diagram by a phase factor. Therefore the singularities of the triangle diagram
cannot produce obvious peaks in the angle integrated invariant mass distributions, though it can leave
some footprint in the full Dalitz plot distribution [ 74]. This is the so-called Schmid theorem. But for the
reactions involving inelastic rescattering processes [129, 285, 286], the situation will be quite di! erent
from the single-channel case discussed in Ref. [74]. A detailed discussion about the Schmid theorem
can be found in Section4.4.

Most of those proposed observable e! ects induced by kinematic singularities in 1960s were lacking
experimental support at that time. Triggered by many new experimental discoveries in hadron spec-
troscopy, the importance of the kinematic singularity mechanism, especially the TS mechanism, was
rediscovered in recent years and used to interpret some phenomena related to exotic hadron candidates.

4.1 Physical picture of the triangle singularity

The threshold of a two-body channel is a square-root branch point (see Eq. (8)), and a cut can be drawn
from the threshold along the positive reals axis until inÞnity to make the square-root function single
valued in the whole Riemann surface. The cut divides the whole complex-s plane into two Riemann
sheets, as shown in Fig.15. The physical region for an amplitude involving these two particles is the
domain where the particles can go on shell, and is given by the upper edge along the cut on the Þrst
Riemann sheet, which is also called the physical Riemann sheet. It is continuously connected to the
lower edge along the cut on the second Riemann sheet.

It has been shown generally by Coleman and Norton that the Landau equations given in Eq. (20),
together with the requirement that ↵i ! 0 and all momenta are real, are the su" cient and necessary
conditions for the Landau singularities to be on the physical boundary [70], and the physical picture for
these conditions are that for a given Feynman diagram, the interactions at all vertices can happen as
classical processes in spacetime conserving energy and momentum, with internal particles on their mass
shell and moving forward in time. This is called the ColemanÐNorton theorem. The physical picture
for the TS was discussed earlier in Ref. [287]; see also Refs. [288, 289] for discussions of the physical
region singularities.

Let us consider the triangle diagram shown in Fig.14, which represents a reaction from the initial
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Additional remarks on production and FSI
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● Pointlike production amplitudes
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Poles are sitting here

<latexit sha1_base64="kRJVuCwFhWdpNxSenjuBDtqQiAY=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiRT0WvXis0C9oQphsN+3SzSbsboQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8MOVMacf5tkobm1vbO+Xdyt7+wWHVPjruqiSThHZIwhPZD0FRzgTtaKY57aeSQhxy2gsnd3O/90ilYolo62lK/RhGgkWMgDZSYFfbQe4BT8fghVTDLLBrTt1ZAK8TtyA1VKAV2F/eMCFZTIUmHJQauE6q/RykZoTTWcXLFE2BTGBEB4YKiKny88XhM3xulCGOEmlKaLxQf0/kECs1jUPTGYMeq1VvLv7nDTId3fg5E2mmqSDLRVHGsU7wPAU8ZJISzaeGAJHM3IrJGCQQbbKqmBDc1ZfXSfey7l7VGw+NWvO2iKOMTtEZukAuukZNdI9aqIMIytAzekVv1pP1Yr1bH8vWklXMnKA/sD5/APmGk08=</latexit>

T↵�

<latexit sha1_base64="6vhN/mD4XDOL3lB0+EfUfvzD1iI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V+gVNKJPttl262YTdjVBC/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXJoJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqylo0FrHqhqiZ4JK1DDeCdRPFMAoF64ST+7nfeWJK81g2zTRhQYQjyYecorGS3+xnPopkjITP+uWKW3UXIOvEy0kFcjT65S9/ENM0YtJQgVr3PDcxQYbKcCrYrOSnmiVIJzhiPUslRkwH2eLmGbmwyoAMY2VLGrJQf09kGGk9jULbGaEZ61VvLv7n9VIzvA0yLpPUMEmXi4apICYm8wDIgCtGjZhaglRxeyuhY1RIjY2pZEPwVl9eJ+2rqnddrT3WKvW7PI4inME5XIIHN1CHB2hACygk8Ayv8Oakzovz7nwsWwtOPnMKf+B8/gDWoZGR</latexit>

T! i
<latexit sha1_base64="6vhN/mD4XDOL3lB0+EfUfvzD1iI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V+gVNKJPttl262YTdjVBC/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXJoJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqylo0FrHqhqiZ4JK1DDeCdRPFMAoF64ST+7nfeWJK81g2zTRhQYQjyYecorGS3+xnPopkjITP+uWKW3UXIOvEy0kFcjT65S9/ENM0YtJQgVr3PDcxQYbKcCrYrOSnmiVIJzhiPUslRkwH2eLmGbmwyoAMY2VLGrJQf09kGGk9jULbGaEZ61VvLv7n9VIzvA0yLpPUMEmXi4apICYm8wDIgCtGjZhaglRxeyuhY1RIjY2pZEPwVl9eJ+2rqnddrT3WKvW7PI4inME5XIIHN1CHB2hACygk8Ayv8Oakzovz7nwsWwtOPnMKf+B8/gDWoZGR</latexit>

T! i

Chen et al.  (2016, 2017):  $(3S,4S)"$ (1S)!!

● Dispersion methods for !! /KK FSI (Omnes problem) <z  Access to data with  !! H  final state
VB et al.  (2021):  $(5S)"$ (nS)!! + Danilkin, Chen, Guo,É in c-sector
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● Triangle diagrams 

Figure 14: A triangle diagram for the reaction from A to B and C. The two vertical dashed
lines denote the two relevant cuts discussed in Section4.1.

Peierls mechanism [283] focuses on the singularity e! ect in the distribution of mC, i.e., the invariant
mass of the Þnal state, withmA Þxed near the threshold (m

1

+ m
2

). We will discuss the two cases
separately in the following sections. However, Schmid in Ref. [74] argued that for the single-channel
case the rescattering diagrams cannot produce obvious peaks in the Dalitz plot projections, even if the
rescattering amplitude possesses a TS on the physical boundary. For the elastic rescattering process, in
addition to the triangle diagram, there must also be a corresponding resonance-production tree diagram.
When it is added coherently to the triangle rescattering diagram, for which the TS dominates over the
non-singular part, the e! ect of the triangle diagram is nothing more than multiplying a partial wave
amplitude of the tree diagram by a phase factor. Therefore the singularities of the triangle diagram
cannot produce obvious peaks in the angle integrated invariant mass distributions, though it can leave
some footprint in the full Dalitz plot distribution [ 74]. This is the so-called Schmid theorem. But for the
reactions involving inelastic rescattering processes [129, 285, 286], the situation will be quite di! erent
from the single-channel case discussed in Ref. [74]. A detailed discussion about the Schmid theorem
can be found in Section4.4.

Most of those proposed observable e! ects induced by kinematic singularities in 1960s were lacking
experimental support at that time. Triggered by many new experimental discoveries in hadron spec-
troscopy, the importance of the kinematic singularity mechanism, especially the TS mechanism, was
rediscovered in recent years and used to interpret some phenomena related to exotic hadron candidates.

4.1 Physical picture of the triangle singularity

The threshold of a two-body channel is a square-root branch point (see Eq. (8)), and a cut can be drawn
from the threshold along the positive reals axis until inÞnity to make the square-root function single
valued in the whole Riemann surface. The cut divides the whole complex-s plane into two Riemann
sheets, as shown in Fig.15. The physical region for an amplitude involving these two particles is the
domain where the particles can go on shell, and is given by the upper edge along the cut on the Þrst
Riemann sheet, which is also called the physical Riemann sheet. It is continuously connected to the
lower edge along the cut on the second Riemann sheet.

It has been shown generally by Coleman and Norton that the Landau equations given in Eq. (20),
together with the requirement that ↵i ! 0 and all momenta are real, are the su" cient and necessary
conditions for the Landau singularities to be on the physical boundary [70], and the physical picture for
these conditions are that for a given Feynman diagram, the interactions at all vertices can happen as
classical processes in spacetime conserving energy and momentum, with internal particles on their mass
shell and moving forward in time. This is called the ColemanÐNorton theorem. The physical picture
for the TS was discussed earlier in Ref. [287]; see also Refs. [288, 289] for discussions of the physical
region singularities.

Let us consider the triangle diagram shown in Fig.14, which represents a reaction from the initial
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Triangle singularity, if allowed kinematically, can strongly enhance the molecular mechanism

Guo et al.  Prog.Part.Nucl.Phys. 2020 

Recent application:  e+e- "   K Zcs (3982)"  K (DsD* + Ds*D) 1=Ds2

2=Ds*
3=D

1=Ds2 
2=Ds*
3=D*

1=Ds1 
2=Ds*
3=D*

VB,  Epelbaum, Filin, Hanhart, Nefediev 2021

<z   Enhanced Zcs production near threshold
BES III 2020for other apps see review 

Yang, Cao, Guo, Nieves, Valderrama  2020
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Our recent applications:   
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this scenario and in what follows focus on the results for solutionB .

Since the focus of the discussion above in Sec.IV B was put on the renormalization of the OPE,

the results presented in Figs.7 and 8 were obtained using some Þxed background. It is also worth

mentioning that while the separation of scales calls for larger cuto! s, the cuto! larger than the

c-quark mass,mc ! 1.5 GeV, may introduce additional HQSS breaking e! ects.

2. Description of the data in " 0
b " J/ ! pK !

!"#$%$ &&

'()*+ mKp>,-. /$0

Solution B: χ2!dof " 0.87
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FIG. 9. The best Þts to the di! erent experimental data [17] for solution B (red solid curves) of scheme II.
The corresponding backgrounds are shown as red-dotted curves. The vertical dashed lines from left to right
are the # c øD, # "

c
øD , # c øD " , and # "

c
øD " thresholds, respectively.

In Ref. [40], it was found that the inclusion of the OPE singles out a unique solution (the

solution B ) from the two almost equivalent ones present for the pure contact potentials. However,

no e! ects from the S-D contact terms were taken into accountwhich, as shown in the previous

Section, does not meet the criteria of renormalizability. Here we improve on this and discuss the

renormalized results as well as their implications for the predicted line shapes, as will be shown in

the next Section. In Fig. 9, we present the best Þt results for solutionB of Scheme II for various

LHCb Pentaquarks



Properties of  Tcc+ in a hadronic molecular picture. 

In Collaboration with  

Meng-Lin Du,  Xiang-Kun Dong, Arseniy Filin, Feng-Kun Guo, Christoph Hanhart,  Alexey Nefediev,  
Juan Nieves and Qian Wang
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Theoretical status before the discovery

% Tcc+   was predicted long ago before its discovery

Janc & Rosina (2004),  Carames et al (2011)quark models: 

hadronic models: Yang et al (2009), Ohkoda et al (2012), Li et al (2013), Liu et al (2019), É

other predictions: Ader et al (1982), Carlson (1988),  Karliner & Rosner(2017), Braaten (2021), Faustov (2021), É. 

for details see review Dong et al (2021)

% The mass range from -300 É 200 MeV
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Figure 1 : Distribution of D 0D 0! + mass. Distribution of D 0D0! + mass where the contribu-
tion of the non-D0 background has been statistically subtracted. The result of the Þt described
in the text is overlaid.

The function is built under two assumptions. Firstly, that the newly observed state has
quantum numbersJP = 1+ and isospin I = 0 in accordance with the theoretical expecta-
tion for the T+

cc ground state. Secondly, that the T+cc state is strongly coupled to theD! D
channel. The derivation ofFU relies on the isospin symmetry forT+

cc ! D! D decays
and explicitly accounts for the energy dependency of theT+

cc ! D0D0! + , T+
cc ! D0D+ ! 0

and T+
cc ! D0D+ " decay widths as required by unitarity. Similarly to theFBW proÞle,

the FU function has two parameters: the peak locationmU, deÞned as the mass value where
the real part of the complex amplitude vanishes, and the absolute value of the coupling
constant g for the T+

cc ! D! D decay.
The detector mass resolution,R, is modelled with the sum of two Gaussian functions

with a common mean, and parameters taken from simulation, see Methods. The widths
of the Gaussian functions are corrected by a factor of 1.05, that accounts for a small
residual di! erence between simulation and data [39,104,105]. The root mean square of
the resolution function is around 400 keV/c2.

A study of the D0! + mass distribution for selectedD0D0! + combinations in the region
above theD! 0D+ mass threshold and below 3.9GeV/ c2 shows that approximately 90% of all

3

The known facts about Tcc+

% Peak right below the 
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D⇤+ D0 threshold

% Breit-Wigner Þt arXiv: 2109.01038 [hep-ex]
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! mBW = ! 273± 61± 5+11
! 14 keV

! BW = 410 ± 165± 43+18
! 38 keV

●  D!  spectra: ~ 90% of the D0D0! + events contain a genuine D*+ meson
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! BW ! ! D ! +<z Expected to be the opposite!

<z JP  = 1+
S-wave

Ñ SigniÞcance 10 *

Ñ bound state  4.3 *
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Advanced LHCb analysis
% unitarized Breit-Wigner Þt 
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Figure 2 : Likelihood proÞle for the |g| parameter. Likelihood proÞle for the absolute
value of the coupling constant g from the Þt to the background-subtracted D0D0! + mass
spectrum with a model based on theFU signal proÞle.

Table 3: Mode relative to the D! + D0 mass threshold," m, and FWHM, w, for the FU and FBW

signal proÞles. Uncertainties are statistical only.

" m [keV/ c2] w [keV/ c2]

FBW ! 279± 59 409± 163
FU ! 361± 40 47.8 ± 1.9

in Table 4 and those from Table 2 and Ref. [84] is less than one standard deviation
for the parameter ! BW . This demonstrates that the results obtained with theFBW

and FU signal proÞles are consistent, taking into account the detector resolution and
background.

5

6.2 ~12.5

95% CL

68% CL

Doubly charmed tetraquark T +
cc

Unitarized and analytical model Þt to the spectrum
LHCb, arXiv: 2109.01056
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�
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⌧ �D ! +

% for large |g |  the system is close to the unitary limit

<z
sensitive to a but not to r

<latexit sha1_base64="06tk82tnOSAuFdyfjUNSSGNFKy0="></latexit>

f (�1) ⇡ 1/a� ik +O(k2)

<z

Doubly charmed tetraquarkT+
cc

Unitarized and analytical model Þt to the spectrum
LHCb, arXiv: 2109.01056
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Z = 1 : elementary .
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0 6 �r < 11.9 (16.9) fm at 90 (95)% CL

<z Lower limit on compositeness:

<latexit sha1_base64="TM4qMm0P1Zp7Z/rFllnr9n+okcc="></latexit>

X > (0.48) [0.42] at (90) [95]% CL

arXiv:2109.01056 [hep-ex]
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Figure 5 : Mass distributions for selected D + D + and D + D 0! + candidates. Mass
distributions for selected (left) D+ D+ and (right) D + D0! + candidates with the non-D background
subtracted. The vertical coloured band indicates the expected mass for the hypothetical
öT++

cc state. The overlaid Þt results with background-only functions are described in the text.

narrow signal-like structure. Fits to these spectra are performed using the following
background-only functions:

BD+ D+ = ! D+ D+ ! P1 , (5a)

BD+ D0! + = ( ! D+ D! + ! P1) " R + ! D+ D0! + ! P0 . (5b)

The results of these Þts are overlaid in Fig. 5. The absence of any signals in theD+ D+

and D+ D0! + mass spectra is therefore a strong argument in favour of the isoscalar nature
of the observed peak in the D0D0! + mass spectrum.

The interference between two virtual channels for theT+
cc# D0D0! + decay, corre-

sponding to two amplitude terms, see Methods Eq.(M4a), is studied by setting the term
proportional to C in Methods Eq. (M6a) to be equal to zero. This causes a 43% reduc-
tion in the decay rate, pointing to a large interference. The same procedure applied
to the T+

cc# D+ D0! 0 decays gives the contribution of 45% for the interference between
the (D! + # D+ ! 0) D0 and (D! 0 # D0! 0) D+ channels. ForT+

cc# D+ D0" decays the role of
the interference between the(D! + # D+ " ) D0 and (D! 0 # D0" ) D+ channels is estimated
by equating to zero theF+ F!

0 and F!
+ F0 terms in Methods Eq.(M8). The interference

contribution is found to be 33%.
A model-independent characteristic of the state is the position of the amplitude

pole ös in the complex plane, responsible for the appearance of the narrow structure in
the D0D0! + mass spectrum. The pole parameters, massmpole and width " pole, are deÞned
through the pole location ös as

$
ös % mpole &

i
2

" pole . (6)

The pole location ös is a solution of the equation

1
A II

U (ös)
= 0 , (7)

11

Tcc+ is an isoscalar

Clearly seen in D0D0 and D+D0

Not seen in D+D+  and D+D0! +
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Q = I z +
C
2

C=2

I=0 <z Iz=0,       Q=+1

I=1 <z Iz=-1,0,1, Q=+0,1,2

Q=+1 Q=+1

Q=+2Q=+2

<z I=0

Tcc++  as 
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ccūū
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Tcc+! +D0D0 D0D*+ ! -D+D+

0-0.36-5.9

D+D*0

1.4 MeV3.8
Tcc+

Goals of our study 

! 0D0D+

-5.6

3-body  cuts open  ~ 6 MeV below the D0D*+  threshold

%

Study the properties of Tcc+  with full two- and three body unitarity <z

3-body cut stems from one-pion exchange (OPE) and self energies in the Green funct.<z
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FIG. 4. Diagrams contributing to the ! (10860) ! ! B ( ! ) øB ( ! )

decay amplitude: diagrams (a), (b1) and (b2) (in the Þrst
line) form a gauge invariant subset of tree level contribu-
tions, while diagrams (c1), (c2), (d) and (e) correspond to a
gauge invariant subset of contributions at the one-loop level.
The vertex in diagrams (a) and (d) comes from gauging the
! (10860) ! B ( ! ) øB ( ! ) vertex; the photon vertices in (b1),
(b2), (c1) and (c2) are from gauging the kinetic terms of the
heavy mesons. The diagram (d) is needed to account for
gauging the regulator used in the loops and for a nonpoint-
like character of the amplitude in the Þnal state.

TABLE II. Ratios of the coupling constants, " ( J ++ )
! , respon-

sible for the production of the WbJ states in the radiative
decays! (10860) ! ! WbJ .

B øB (1S0) B ! øB ! (1S0) B øB ! (3S1, +) B ! øB ! (5S2)

1 1/
"

3 2
!

20/ 3

(a coupled-channel version of this relation is provided in
Ref. [? ]). In the heavy quark limit the functions A
and B do not depend on the channel. Moreover, since
the momentum dependence of the functionsA(p! ) and
B! (p! ) is controlled by the left-hand cuts of the produc-
tion operator and the scattering amplitude, respectively,
we expect that near thresholds both are well approxi-
mated by constants, which are also independent of the
channel in the heavy quark limit. Based on this one can
predict the ratios of the partial widths for di ! erent de-
cay channels of theWbJ Õs, up to spin symmetry violating
corrections.

It is proposed in Ref. [? ] that the most prominent
production mechanism for theZb states in the " (10860)
and " (11020) decays involvesB !

1
øB or B0 øB intermediate

states, with B0 and B !
1 being the broad members of the

quadruplet of the positive P-parity B mesons. If this
proposal is correct, the decay mechanism through the
B (" ) øB (" ) pairs considered above will give only a small
contribution. However, it should be stressed that the
mechanism proposed in Ref. [? ] should not change the
line shapes but only the total rate of the production cross
sections, which is not a subject of the current study.

B. Coupled-channel system

The set of the allowed quantum numbers for the
B (" ) øB (" ) system is encoded in the basis vectors quoted
in Eq. (??). Inclusion of the OPE interaction enables
transitions to the D and evenG waves [? ].

For a given set J P C the system of the partial-wave-
decomposed coupled-channel Lippmann-Schwinger-type
equations reads

T!" = V e!
!" !

!

#

ö
d3q

(2! )3 V e!
!# G# T#"

T!" (M, p, p!) = V e!
!" (p, p!) (62)

!
!

#

ö
d3q

(2! )3 V e!
!# (p, q)G# (M, q)T#" (M, q, p!),

where " , #, and $ label the basis vectors deÞned in
Eq. (??), the e! ective potential is deÞned by Eq. (??),
and the scattering amplitude T!" is related with the in-
variant amplitude M !" as

T!" = !
M !""

(2m1,! )(2m2,! )(2m1," )(2m2," )
, (63)

with m1,! and m2,! (m1," and m2," ) being the masses
of the B (" ) mesons in the channel" (#). The two-body
propagator for the given setJ P C takes the form

G# =
#
q2/ (2µ# ) + m1,# + m2,# ! M ! i%

$# 1
, (64)

where the reduced mass is

µ# =
m1,# m2,#

m1,# + m2,#
. (65)

It is convenient to deÞne the energyEi relative to a par-
ticular threshold, namely,

M = 2m + E1 " m + m" + E2 " 2m" + E3. (66)

Finally, to render the loop integrals well deÞned we
introduce a sharp ultraviolet cuto! # which needs to
be larger than all typical three-momenta related to the
coupled-channel dynamics. For the results presented be-
low we choose# = 1 GeV but we also address the prob-
lem of the renormalisability of the resulting EFT and es-
timate and discuss the theoretical uncertainty from the
cuto! variation.

on shell <z 3-body 

Predict HQSS partners of Tcc

%

Faddeev-type 3-body Eqs.
VB et al. PRD84 2011

Du, VB, Dong, Filin, Guo, Hanhart, Nefediev,  Nieves, Wang     e-Print: 2110.13765
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Some details on the OPE

●

with  gc ≈ 0.57 

<latexit sha1_base64="IxGHhzZ24i4+EXiZ4i5WCHgzcUE="></latexit>

L =
gc

2f !

!
D !   á! ! a" aD + D   " a! ! a áD ! + i [D !   " D ! ] á! ! a" a

"

from D* ! D!  width
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VDD⇤! DD⇤(p,p") / g2c
(4⇡f⇡)2

⌧1 á⌧2 (✏1 á~q) (✏"
2

# á~q)
✓

1

DDD⇡(p,p")
+

1

DD⇤D⇤⇡(p,p")

◆

! TOPT propagators with NR heavy mesons and relativistic pions
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DDD! (p, p 0) = 2E! (q)

 
m+m+

p2

2m
+

p02

2m
+ E! (q)�

p
s

!
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DD ⇤D ⇤⇡(p,p
0) = 2E⇡(q)

 
m⇤ +m⇤ +

p2

2m⇤
+

p02

2m⇤
+ E⇡(q)�

p
s

!

E! (q) =
!

q2 + m2
!

Pionic Lagrangian:

● Exemplary potential: 

● Central part:  S-wave to S-wave transitions 
<latexit sha1_base64="UeLZqzoSwmHtJug529d/YJGuAkE="></latexit>

1+ : {DD⇤(3S1), DD⇤(3D1)}
● Tensor part:  S-wave to D-wave transitions 

● At short distances OPE is not well defined w/o contact terms 

<z goes on shell!

● Because of the cut, OPE can be repulsive and attractive depending on the momenta

26
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Calculation scheme

C0

3S1 3S1+

OPE

3S1
3D1

3S1
3D1

VLO  = "   
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T!"

D ! +
D 0, øp(p)

! +

D 0, p(øp)

=
D ! +

D 0, øp(p)

! +

D 0, p(øp)

⇥ �

D ! +

D 0

D ! +
D 0, øp(p)

! +

D 0, p(øp)

⇥ �

D ! 0

D +

D ! +
D 0, øp(p)

! +

D 0, p(øp)

⇥
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T11
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T21

● Production amplitude:

● Only two parameters to be fitted  to the D0D0! +  spectrum:   

● LO potential:

27

— a typical soft scale in the problem  
<latexit sha1_base64="lu4iYSrQ0jH9eNxA2TTaMxIJClU="></latexit>p
m� ' 45 MeV ⌧ ⇤ 2 [300, 1200] MeV

— The leading cutoff dependence can be fully absorbed into C0(' )
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P1

C0  and overall Norm ~ 
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Fit to the D0D0! +  mass spectrum
w/o resolution with resolution

13

TABLE II. The pole position of the T+
cc relative to the D⇤+D0 threshold and the Riemann sheet (RS) where

the pole is located in each scheme (see the text for details).

Scheme I II III
Description No 3-body e↵ects: Incomplete 3-body e↵ects: full 3-body e↵ects:

No OPE, static D⇤ width No OPE, dynamical D⇤ width OPE + dynamical D⇤ width
Pole [keV] ! 368+43

�42 ! i(37± 0) ! 333+41
�36 ! i(18± 1) ! 356+39

�38 ! i(28± 1)
�2 0.79 0.74 0.71

TABLE III. The pole position of the T+
cc relative to the D⇤+D0 threshold and the Riemann sheet (RS) where

the pole is located in each scheme (see the text for details).

Scheme I II III
Description 2-body unitarity: Incomplete 3-body unitarity: full 3-body unitarity:

No OPE, static D⇤ width No OPE, dynamical D⇤ width OPE + dynamical D⇤ width
Pole [keV] ! 368+43

�42 ! i(37± 0) ! 333+41
�36 ! i(18± 1) ! 356+39

�38 ! i(28± 1)
�2 0.79 0.74 0.71

TABLE IV. E ↵ective couplings extracted as indicated in Eq. (30). Note that in Schemes II and III, the
couplings are complex, with non-zero imaginary parts, although much smaller than the corresponding real
parts.

Scheme I II III
gD⇤+D0 (S) 1.03± 0.03 (1.00± 0.03) ! i(0.01± 0.00) (1.03± 0.02) ! i(0.01± 0.01)
gD⇤0D+ (S) ! 1.03± 0.03 (! 1.00± 0.03) + i(0.01± 0.00) (! 0.99± 0.02) + i(0.01± 0.01)

g(I=0)
D⇤D (S) ! 1.45± 0.04 (! 1.42± 0.03) + i(0.01± 0.00) (! 1.43± 0.03) + i(0.02± 0.00)
g(I=1)
D⇤D (S) 0.00± 0.00 (0.00± 0.00) + i(0.00± 0.00) (! 0.03± 0.00) + i(0.00± 0.00)
g(I=0)
D⇤D (D) Ñ Ñ (0 .02± 0.00) + i(0.00± 0.00)
g(I=1)
D⇤D (D) Ñ Ñ ( ! 0.00± 0.00) + i(0.00± 0.00)

its position can be accessed through the analytic continuation of the self-energy [? ],

⌃ijk(M,p, µ) "

8
<

:
! ⌃ijk(M,p, µ), ImM < 0 & Re

⇣
M ! mi ! mj ! mk ! p2

2µ

⌘
> 0,

⌃ijk(M,p, µ), ImM < 0 & Re
⇣
M ! mi ! mj ! mk ! p2

2µ

⌘
< 0,

(32)

with ⌃ijk deÞned in Eq. (26). Then, in the energy range near theT +
cc pole, the D0D0⇡+ and

D+ D0⇡0 channels are on their unphysical RSs while theD+ D+ ⇡� is on its physical RS.

A comment on the role played by the three-body dynamics in theT +
cc is in order here. As

mentioned above, the imaginary part of the pole can be treated as half of theT +
cc width. It is,

therefore, instructive to notice that neglecting the three-body dynamics due to the Þnite life time
of the D⇤ one overestimates theT +

cc width by up to a factor of 2 (compare the imaginary parts of
the pole positions for Schemes I and II quoted in TableIII ). This shift is partially overcome once
also the three-body cut is included in the scattering potential. If after neglecting the three-body
e↵ects, one employs the static approximation for the OPE, together with a constant width of the
D⇤, the half width of the T +

cc would turn out to be around 70 keV thus overestimating the full

The width of Tcc+: 56 keV
remove

OPE
36 keV

remove

dynam.width 74 keV

Neglecting 3-body unitarity:  static OPE + constant width yields  140 keV

<latexit sha1_base64="Wes/y4bnTR0U4sdL/Adro9mvl5w="></latexit>

! LHCb = 48 ± 2+0
! 14 keV

—too bad 28



Predictions for D0D0  and D0D+ spectra
with resolution
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TABLE II. The pole position of the T+
cc relative to the D⇤+D0 threshold and the Riemann sheet (RS) where

the pole is located in each scheme (see the text for details).

Scheme I II III
Description No 3-body e↵ects: Incomplete 3-body e↵ects: full 3-body e↵ects:

No OPE, static D⇤ width No OPE, dynamical D⇤ width OPE + dynamical D⇤ width
Pole [keV] ! 368+43

�42 ! i(37± 0) ! 333+41
�36 ! i(18± 1) ! 356+39

�38 ! i(28± 1)
�2 0.79 0.74 0.71

TABLE III. The pole position of the T+
cc relative to the D⇤+D0 threshold and the Riemann sheet (RS) where

the pole is located in each scheme (see the text for details).

Scheme I II III
Description 2-body unitarity: Incomplete 3-body unitarity: full 3-body unitarity:

No OPE, static D⇤ width No OPE, dynamical D⇤ width OPE + dynamical D⇤ width
Pole [keV] ! 368+43

�42 ! i(37± 0) ! 333+41
�36 ! i(18± 1) ! 356+39

�38 ! i(28± 1)
�2 0.79 0.74 0.71

TABLE IV. E ↵ective couplings extracted as indicated in Eq. (30). Note that in Schemes II and III, the
couplings are complex, with non-zero imaginary parts, although much smaller than the corresponding real
parts.

Scheme I II III
gD⇤+D0 (S) 1.03± 0.03 (1.00± 0.03) ! i(0.01± 0.00) (1.03± 0.02) ! i(0.01± 0.01)
gD⇤0D+ (S) ! 1.03± 0.03 (! 1.00± 0.03) + i(0.01± 0.00) (! 0.99± 0.02) + i(0.01± 0.01)

g(I=0)
D⇤D (S) ! 1.45± 0.04 (! 1.42± 0.03) + i(0.01± 0.00) (! 1.43± 0.03) + i(0.02± 0.00)
g(I=1)
D⇤D (S) 0.00± 0.00 (0.00± 0.00) + i(0.00± 0.00) (! 0.03± 0.00) + i(0.00± 0.00)
g(I=0)
D⇤D (D) Ñ Ñ (0 .02± 0.00) + i(0.00± 0.00)
g(I=1)
D⇤D (D) Ñ Ñ ( ! 0.00± 0.00) + i(0.00± 0.00)

its position can be accessed through the analytic continuation of the self-energy [? ],

⌃ijk(M,p, µ) "

8
<

:
! ⌃ijk(M,p, µ), ImM < 0 & Re

⇣
M ! mi ! mj ! mk ! p2

2µ

⌘
> 0,

⌃ijk(M,p, µ), ImM < 0 & Re
⇣
M ! mi ! mj ! mk ! p2

2µ

⌘
< 0,

(32)

with ⌃ijk deÞned in Eq. (26). Then, in the energy range near theT +
cc pole, the D0D0⇡+ and

D+ D0⇡0 channels are on their unphysical RSs while theD+ D+ ⇡� is on its physical RS.

A comment on the role played by the three-body dynamics in theT +
cc is in order here. As

mentioned above, the imaginary part of the pole can be treated as half of theT +
cc width. It is,

therefore, instructive to notice that neglecting the three-body dynamics due to the Þnite life time
of the D⇤ one overestimates theT +

cc width by up to a factor of 2 (compare the imaginary parts of
the pole positions for Schemes I and II quoted in TableIII ). This shift is partially overcome once
also the three-body cut is included in the scattering potential. If after neglecting the three-body
e↵ects, one employs the static approximation for the OPE, together with a constant width of the
D⇤, the half width of the T +

cc would turn out to be around 70 keV thus overestimating the full

29



Low-energy parameters and Compositeness
<latexit sha1_base64="ud6dB5MxBKsoNseJ3kmQ6qVn70w="></latexit>

TD⇤+D0! D⇤+D0(k) = !
2⇡

µc0

!
1

a0
+

1

2
r0k

2 ! ik +O(k4)

" " 1

<latexit sha1_base64="rE4mp9FyLmSudy6k/FhiEVjkF/w=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgY9iVoDZCUAvLCOYB2TXMTu4mQ2Znl5lZIYQUNv6KjYUitn6EnX/jJNlCEw8MnHvOvdy5J0g4U9pxvq3c0vLK6lp+vbCxubW9Y+/uNVScSgp1GvNYtgKigDMBdc00h1YigUQBh2YwuJr4zQeQisXiTg8T8CPSEyxklGgjdeyi7Dj3XiJZBPgCmwIfY+8auCamsEtO2ZkCLxI3IyWUodaxv7xuTNMIhKacKNV2nUT7IyI1oxzGBS9VkBA6ID1oGypIBMofTY8Y40OjdHEYS/OExlP198SIREoNo8B0RkT31bw3Ef/z2qkOz/0RE0mqQdDZojDlWMd4kgjuMglU86EhhEpm/oppn0hCtcmtYEJw509eJI2TsntartxWStXLLI48KqIDdIRcdIaq6AbVUB1R9Iie0St6s56sF+vd+pi15qxsZh/9gfX5A+19ll0=</latexit>

r !
0 = r 0 ! ! r

Term from 2nd channel
<latexit sha1_base64="MjA+2OAmOsDEIiXwH88ALWn/RnI="></latexit>

! 2 = mthr2 ! mthr1

<latexit sha1_base64="0XpPcRVDivwcTHf9F2uopKqR/EY="></latexit>

! r = !
!

µ2

2µ2
1! 2

" ! 3.8 fm

Eff. range in the 
1st  channel

Composite or Compact?( ! r IV = !
!

1
2µ ! = ! 3.78 fm)

! Compositeness øX A = 1 ! Z

øX A =
!

1 + 2
"
"
"

r "
0

" a0

"
"
"

# ! 1/ 2

, r "
0 = r 0 ! ! r IV

! Note here Tthr #= ! 2!
µ a0

a0 [fm] r 0 [fm] r "
0 [fm] øX A

I
!

! 6.31+0 .36
! 0.45
± 0.27

#
+ i

!
0.05+0 .01

! 0.01
± 0.00

#
! 2.78 ± 0.01

± 0.66
1.00 ± 0.01

± 0.66
0.87 ± 0.01

± 0.07

II
!

! 6.64+0 .36
! 0.50
± 0.27

#
! i

!
0.10+0 .01

! 0.02
± 0.01

#
! 2.80 ± 0.01

± 0.59
0.98 ± 0.01

± 0.59
0.88 ± 0.01

± 0.06

III
!

! 6.72+0 .36
! 0.45
± 0.27

#
! i

!
0.10+0 .03

! 0.03
± 0.03

#
! 2.40 ± 0.01

± 0.85
1.38 ± 0.01

± 0.85
0.84 ± 0.01

± 0.06
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øX =
!

1 + 2

"
"
"
"

r !
0

Re a0

"
"
"
"

# " 1/ 2

Compositeness:

Scattering amplitude 
in the 1st channel:

Tcc+  is consistent with a pure molecule!
30/34



Heavy quark spin partners

Consequence of HQSS:
<latexit sha1_base64="a2ozREmJb1O9bwSsieZ5Qs7c6KQ="></latexit>

V I =0 (D ! D ! ! D ! D ! , 1+ ) = V I =0 (D ! D ! D ! D , 1+ )

<latexit sha1_base64="Nq73cSKSfZ5toKJBR5fPeKvHicA="></latexit>

V I =0
CT

!
D (! ) D (! ) ! D (! ) D (! ) ; 0+

"
= V I =0

CT (D ! D ! ! D ! D ! ; 2+ ) = 0Bose statistics: 

<z No spin partners  with J= 0 and 2

<z D*D* spin partner  with J= 1 can be predicted parameter free

— Caveat: DD*-D*D*  coupled-channel effects may be important
— Different contact term — not enough data to fix it

Neglecting DD*-D*D* coupled-channels:

16

Þrst Riemann sheet with the binding energy (the real part relative to the D ! D ! threshold)

Scheme I: ! ! +
cc = ! 1444(61) keV,

Scheme II: ! ! +
cc = ! 1138(50) keV, (34)

Scheme III: ! ! +
cc = ! 503(40) keV

where ! ! +
cc = mT ! +

cc
! m!

c ! m!
0. A large spread in the predictions for the mass of theT+

cc spin
partner in the three schemes employed implies a possibly signiÞcant role of the OPE interaction.

Further considerations, which might be relevant for hypothetical SU(3) siblings of theT+
cc and

T! +
cc containing øs antiquark(s) can be found at the end of Appendix A.

IV. LOW-ENERGY EXPANSION OF THE AMPLITUDE

In this section we discuss the low-energy expansion of the scattering amplitudeD ! D " D ! D
and extract the corresponding parameters. The absolute value of theD ! D scattering amplitude
in the isospin basis is depicted in Fig.7. The low-energy S-wave scattering parameters such as
the scattering length a0 and the e! ective ranger0 can be determined by scrutinizing the behavior
of the scattering amplitude in the vicinity of the D ! + D 0 threshold. These parameters are deÞned
using the e! ective range expansion of the scattering amplitude as

TD ! + D 0" D ! + D 0 (k) = !
2"
µc0

!
1
a0

+
1
2

r0k2 ! ik + O(k4)
" # 1

. (35)

It is important to notice that the Þnite width of the D ! drives the three-momentumk ill-deÞned
in the vicinity of the two-body D ! D threshold (a detailed discussion of this and related issues can
be found in Refs. [? ? ], the problem is revisited in a recent work [? ]). In order to get a deeper
insight into this problem, let us start from a single-channel study with a constant contact potential
VCT . This corresponds to a single-channel version of our Scheme I. Then it is easy to Þnd that the
inverse scattering amplitude is simply

T# 1(M ) = V # 1
CT + J (M ), J (M ) =

#
d3p

(2" )3 G(M, p), (36)

whereG(M, p) is the GreenÕs functions of the form as deÞned in Eq. (23). Therefore, in this trivial

example, the e! ective range is just r 0 # ! RedJ (M )
dM

$
$
$
$
M = M thr +0 +

with M thr for the corresponding

two-body threshold6. However, a Þnite width of the D ! signiÞcantly modiÞes the behavior of
J (M ) near the two-body threshold, since the sharp cusp is smeared by theD ! width (see Fig. 8).
Therefore, the e! ective range expansion in the vicinity of the D ! D threshold has a very small
radius of convergence set by the nearby complexD ! D branch point, namely, k !

$
µc0" D ! + % 9

MeV [? ]Ñsee also Appendix B.
A way to bypass this problem is to use a complexD ! mass in the relation between the energy

inclusion of constant widths of the D ! ’s does not a! ect the mass of the T ! +
cc in Schemes I and II. For Scheme III,

the e! ect of the D ! width on the mass of the T ! +
cc is around 30 keV, that is, well within the uncertainty quoted in

Eq. (34).
6 Note that the limit M ! M thr has to be taken from above the threshold, as indicated by 0+ , since below the
threshold the analytic continuation of the momentum k also contributes to J (M ). This conclusion survives in
the presence of three-body unitarity, as shown in Appendix B, where it is demonstrated that the e! ective range
calculated naively from below the two-body threshold diverges in the limit of an infinitely small width.

(No OPE, static D* width)

(No OPE, dynamic D* width

(full dynamics)

<latexit sha1_base64="SukhySwXuT350oEZw1OPGVQgtJo="></latexit>

�⇤+
cc = mT ⇤+

cc
�m⇤

c �m⇤
0

bound D*D* state ~ -0.5 MeV below the threshold <z

Karliner and Rosner (2017), …
Flavour partners Tbb- 

<latexit sha1_base64="WBgDbsQszXOari5gE4nlJ0wtuUY="></latexit>

bbøu ød
Tcb0 

<latexit sha1_base64="7XZbev5VS3kLhqQTulpodUYifY8="></latexit>

cbøu ød
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SU(3) partners

SU(3) symmetry:

Antisymmetric combinations 

There should be SU(3) partners states of the Tcc+  near D*Ds and D*Ds*  thresholds<z

<latexit sha1_base64="YUCIpMAZTxBzBnvTW9vuzKMQis0="></latexit>

V I =0 (D ! D ! D ! D , 1+ ) = V ((D ! Ds)A ! (D ! Ds)A , 1+ ) = V ((D ! D !
s )A ! (D ! D !

s )A , 1+ )

<latexit sha1_base64="gQr72dfDYCWNGLX3VeEPDFVI//k="></latexit>

[D! Ds]A = ( D! Ds ! D!
sD)/

"
2

<latexit sha1_base64="bqCFjUE7AOBjPLBZ3XnEsWYbq10="></latexit>

[D ! D !
s ]A = ( D ! D !

s ! D !
s D ! )/

"
2

The Tcc+ lives in the 3 irrep of SU(3) with JP=1+

see also Dai et al.  (2021)
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Summary on Tcc+ 

● Leading order chiral EFT based analysis of Tcc+ 

— including three-body cuts from OPE and self energies

● First doubly charmed meson   

Tcc+! +D0D0 D0D*+ ! -D+D+

0-0.36-5.9

D+D*0

1.4 MeV3.8

! 0D0D+

-5.6

● Three-body unitarity: strong impact on the width of Tcc+ 

● Tcc+ as D0D*+   is completely consistent with a hadronic molecule

●
— Spin partner state near  D*D*  threshold

Consequences of HQSS and SU(3) 

— SU(3) partners near  D*Ds and D*Ds*  thresholds

same as for the X(3872)!
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Hadronic Molecules — specific subclass of exotic states: 

Coupled-channel chiral EFT approach: right tool for a systematic analysis 

Weinberg analysis & extensions: right tool for testing nature

Crucial test: Experimental Information on (iso)spin partners

Summary

—generated dynamically 

—located near hadronic thresholds

—do exist in nuclear and hadron physics
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Thank You and Merry Christmas!
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