
Zero range effective field theory
with multiple channels

Feng-Kun Guo
Institute of Theoretical Physics, CAS

13–16 Sep 2022

Based on: Zhen-Hua Zhang, Xiao-Yu Zhang, FKG, arXiv:22xx.yyyyy



Hidden-charm states
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Near-threshold structures
! Full threshold structure needs to be measured in a lower channel       coupled channels
! Consider a two-channel system, construct a “nonrelativistic” effective field theory (NREFT)

" Energy region around the higher threshold, ! !

" Expansion in powers of   " # $ %! !

" Momentum in the lower channel can also be expanded
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Effective scattering length with open-channel effects becomes complex, &'
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Near-threshold structures
! Full threshold structure needs to be measured in a lower channel       coupled channels

" Large *+!! $%&&* means a near-threshold pole
" Maximal at threshold for positive ,- . +!! $%&&/ (attraction), FWHM 0 123, 

“virtual” state pole
" Peaking at pole for negative ,- . +!! $%&&/ :

3 4 C0>%?'%0(<?D;<?E

“bound” state pole
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Near-threshold structures
! Full threshold structure needs to be measured in a lower channel       coupled channels

" One pole and one zero
" For strongly interacting channel-2 (large +!! ), 

there must be a dip around threshold (zero 
close to threshold)

! More complicated line shape if both 4!" and 4!! are important for the production
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Near-threshold structures
! 4-matrix for 55 and 6 76 coupled channels 

F<?G%?G>%H#ID?;<J%K;'I%
3"#L"%&D<*%M"%2"%1>((<()?'(*%%12&N89584O:8P688O

! 8' 9:) in ;2< = >5( 5) and          ;2< = ? 5( 5)

-Q.*
13-68R95887:5OP

-Q.*
13-7NS9588O:4ON

Driving channel: 6 76

;2< = >6 76 = >5( 5)

Driving channel: 55

;2< = ? 55 = ? 5( 5)
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With more channels: some LHCb data

5 $65%
$

5%65 $75 65%
$

CD?D%K;'I%3TU@*12345R95854:8S5884+<)"%K;'I%!"#$"%&'()*%+$,*%-"#."%/'0*%D;!<=V5484"84854W

CD?D%K;'I%3TU@*%.X<"-0AA"67%95858:%4NSPW%K<?%K;'I%
!"#$"%&'()*%-D;0*%+$,*%TD(GD;?*%Y>C>K<>=*%123456%95854:%4P5884

! "## $! "## $$

%&
& &

%&

CD?D%K;'I%3TU@*%YD?"1GEZ"4S%95855:%R74W%
K<?%K;'I%M"#3"%&0%>?%DA"*%12&%487%95855:%84O85OW%
?DA[%@E%BDC<I%-D;0

@( = ;2<> 6 (
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With more channels: some theory curves

5%8 5%
5%69 8 5%69
5: 8 5:

UDAX0AD?>C%0Z<()%\UT1H%F]%^D;DI>?>;Z%K<J>C%<(%
3"%3<0%>?%DA"*%12&SR%9584P:%84O78SW%
Z>>%?G>%?DA[%@E%_0D(%Y<>=>Z

+$,*%TD(GD;?*%M><`(>;*%,"%3<*%a"%/GD'*%
12&SP%95844:%8PO84P

5 &65 $& 5 ' 5 $#

# Thresholds are dense, close to one another A more complicated line shapes
# Some nearby thresholds are from channels related to each other by symmetries: 

isospin, SU(3), heavy quark spin

! Three-channel system with two nonrelativistic symmetry-related channels   

w/ a pole w/o a pole
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! Coupled-channel EFT for contact-range S-wave interactions

! Renormalization group equations:                               A

! Fixed point solutions:

# Trivial one: weak interacting limit: BC # )

# Two bound/virtual states at threshold: BC # %D! * !

# One bound state at threshold coupled with both channels:

Two NR channels: RGE analysis
B"%3>(Z[E*%M"U"%-<;Z>*%Q1_b%OR%95844:%4O5%

; V%?G;>ZG'AC%C<KK>;>(X>
< (V%;>C0X>C%IDZZ%<(%XGD((>A#+
. V%1&.%ZXDA>

BC # %
EFG! > EFG> GHI>

EFG> GHI> GHI! >
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V is not invertible in this case



! We consider two higher nonrelativistic channels + 1 weakly coupled lower channel

! The two higher channels are related via a symmetry, e.g., isospin, SU(3), or heavy quark 
spin symmetry; assumptions:

# +!! # +++J+"! # K+"+

# The lower channel is weakly coupled: +"! LM+N O 1

Three channels: T matrix at LO
/GD()! *+$,* <(^;>^D;D?<'(
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! For the two higher NR channels, consider first the situation perturbing the 1-pole fixed
point

! Some typical line shapes for the pole below both thresholds:

Two higher NR channels

' ( # #

' ( $ $

' ( $ #

' ( # $
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! Complicated situation when coupled together for both channels having poles

# Consider an additional channel with lower threshold for the line shapes.

! The two higher channels are related via a symmetry, e.g., isospin, SU(3), or heavy quark 
spin symmetry; assumptions:

# +!! # +++J+"! # K+"+

# The lower channel is weakly coupled: +"! LM+N O 1

! 8 Riemann sheets

Three channels: assumptions
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Three channels: Riemann sheets
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! !"#$"%&$'(%)**#")$#++,%+#$-.%) %%*+) %&+*, %%- . /"0'%12#++'0%3')*4%1"#".15%0.#6%72#**.+%7')8+9*-:
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!"#$%&'#()#*)+#$,-)*.#/)&0,)&1#2+#$,)*'3,4)+#'(&

) !! 7 ) !) = ( >?

) !! @ ) !) @

c(X;>DZ>%XGD((>A%X'0^A<()

AB# ' ' AB# # '
AB# ' ' AB# ' '

AB# # '
^'A>#4 ^'A>#5 ^'A>#5%@ ^'A>#5%C^'A>#4%@

) !) @
c(X;>DZ>%XGD((>A%X'0^A<()%
C;DID?<XDAAE

-'?G%^'A>Z%I'=>%;>I'?>AE

) !! @

1'A>#5%C;D))>C%@DX[W
1'A>#4%K0;?G>;%DFDE

^'A>5AB# ' ' D AB# # ' D?%
" # 4

^'A>#4%@

^'A>#4%@ ^'A>#5%C



! !"#$"%&$'(%)**#")$#++,%+#$-.%) %%* ) %&*, %%/ . /"0'%12#++'0%;9$")#+%1"#".15%0.#6%72#**.+%7')8+9*-:
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!"#$%&'#()#*)+#$,-)*.#/)&0,)&1#2+#$,)*'3,4)+#'(&

) !! 7 ) !) = ( >?

) !! @ ) !) @

c(X;>DZ>%XGD((>A%X'0^A<()

AB' # ' AB' ' #

@'?G%'(%AB' # ' *%
E 4

AB' ' #
^'A>#4 ^'A>#5

^'A>#5%@
^'A>#5%C^'A>#4%@

) !) @
c(X;>DZ>%XGD((>A%X'0^A<()%
C;DID?<XDAAE

+<(DAAE%@'?G@>X'I>%;>I'?>

) !! @

-'?G%^'A>Z%C;D))>C%@DX[

AB' # '

^'A>#4
P

-'?G%^'A>Z%I'=>%0^FD;CW
^'A>4AB' # ' D AB# ' ' D?%
" # 4*?G>(C'F(FD;C



! Unnaturally large +!! O
"

! , %-
, weak channel coupling +! + O

"

! , %-

# Negative +!! : two shallow “bound” states, , Q) ( ( J, Q) ) ( 9D(C%ZGDC'F%^'A>Z%<(%'?G>;%ZG>>?Z:
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Three channels: !"# $%&''#"$!&!($)"(&* +%&,,(' +#-.'/,0



! Natural size +!! R
"

! , %-
, weak channel coupling +!+ O

"

! , %-

# +!! R ) , decreasing *+!! *: two “bound”-like poles, deeper and deeper
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Three channels: "(&* +%&,,(' +#-.'/,0



! Natural size +!! R
"

! , %-
, strong channel coupling +! + R

"

! , %-

# +!! R ) (sign as of a bound state, but relatively deep): only one near-threshold pole
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Three channels: $!1#,0+%&,,(' +#-.'/,0)232,(&14!%1($%#'52$!&!(

AB# # ' F G47HI '; J H

.DI>%

^'A>Z*

&<KK"%

<(?>;K"

) !) J 4

) !) E 4



! Unnaturally large +!! O
"

! , %-
, strong channel coupling +! + R

"

! , %-

# No near-threshold state despite of unnaturally large single-channel scattering length!
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50.,, 607((,$-8!"#!$%&'()&$*)"+,#*(%($#,-$#("*(&"!. /)%!!$+ /"-0+1!.

.EII>?;E%@;>D[<()V%C>Z?;0X?<=>%<(?>;K"%

'0?Z<C>%?G;>ZG'ACZ



! Interplay of the pole(s) with coupled channels are more and more intricate when the 
number of channels increases

! Coupled-channel analysis with unitarity built in are necessary to reach a reliable
spectroscopy

Summary
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! Unnaturally large +!! O
"

! , %-
, weak channel coupling +! + O

"

! , %-

# Positive +!! : two shallow “virtual” states, , Q( ) ( J, Q( ( ) 9D(C%ZGDC'F%^'A>Z%<(%'?G>;%ZG>>?Z:
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Three channels: !"# $%&''#"$!&!($)"(&* +%&,,(' +#-.'/,0

) !) J 4

) !) E 4

.DI>%

^'A>Z*

&<KK>;>(?%

<(?>;K>;>

(X>



! Natural size +!! R
"

! , %-
, strong channel coupling +! + R

"

! , %-

# +!! S ) (sign as of a virtual state, but relatively deep): two “virtual”-like poles remain
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Three channels: $!1#,0+%&,,(' +#-.'/,0)232,(&14!%1($%#'52$!&!(

.DI>%

^'A>Z*

&<KK"%

<(?>;K"

) !) J 4

) !) E 4

AB' # ' AB' # '



! Unnaturally large +!! O
"

! , %-
, strong channel coupling +! + R

"

! , %-

# No near-threshold state despite of unnaturally large single-channel scattering length!
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50.,, 607((,$-8!"#!$%&'()&$*)"+,#*(%($#,-$#("*(&"!. /)%!!$+ /"-0+1!.

.EII>?;E%@;>D[<()V%C>Z?;0X?<=>%<(?>;K"%

'0?Z<C>%?G;>ZG'ACZ



! Unnaturally large +!! O
"

! , %-
, weak channel coupling +! + O

"

! , %-

# Negative +!! : two shallow “bound” states, , Q) ( ( J, Q) ) ( 9D(C%ZGDC'F%^'A>Z%<(%'?G>;%ZG>>?Z:
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Three channels: !"# $%&''#"$!&!($)"(&* +%&,,(' +#-.'/,0



! Natural size +!! T
"

! , %-
, strong channel coupling +! + R

"

! , %-

# No near-threshold state despite of unnaturally large single-channel scattering length!
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50.,, 607((,$-8!"#!$%&'()&$*)"+,#*(%($#,-$#("*(&"!. /)%!!$+ /"-0+1!.

d(AE%'(>%(>D;#
?G;>ZG'AC%^'A> AB# # ' F G47HI '; J H

Pole trajectory on , Q) ) (



! U./ .V9:W/ as a .X/
) X0' Y X/

0) X' / molecular state

# Fit to BESIII data in the full range

# Scenarios: two
or one U./ (strong ch. coupling)

# Both X/! 7X/
0X102 and X/" 7X/

102X0 triangles

! !" : hidden-charm exotics with strangeness
B"%-D;0 >?DA"*12&48795855:8PO84O

2

2

2
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! Many thresholds in the interesting region relevant for the X(6900)

!"#$"&'()* -D;0*%+$,*%TD(GD;?*Y>K>C<>=*%123456*%4P5884%95854:
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