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We have a beautiful theory...

Laco = (i) ~ m)u — 5 G, G

. which is very hard to solve

e Hadronic scale: Strongly coupled — no perturbative expansion
e No obvious way to diagonalize the Hamiltonian

e Hadronic physics usually draws on models and/or EFTs



The quark model

What it can do...

e Elegantly organize mesons and baryons
into multiplets K K 5=+1

e Express small mass differences in terms
of SU(3)Fr breaking

And what it can't do

e Exotic quantum numbers: glueballs, K Ko 5=-1
hybrids, tetraquarks, pentaquarks, ...? Q\jk = Aot
e Contribution of virtual particles to https://en.wikipedia.org /wiki/Quark-model - Public
. Domain
amplitudes o

QCD allows for any " colour-neutral” states



Lattice — Finite volume spectrum

Ensembles:
as 0.11 fm
o . o =1
e Lattice Action: Wilson-Clover a; 6-0379 GeV
(L/as)° x (T/a:) | 32° x 256
° :
Operators . — e
e Single-meson: ¥l Ny 211
° Meson—meson; . B B Nerg 284
Zﬁﬁﬁfﬁ C(p1, P2, P)umy (P1)2m, (P2)
e Distillation method (all QCD s 0.12 fm
. . =T
diagrams included) & , 5.6367 G3eV
. . L T 163, 20°%, 24 256
— Correlation matrix W) X (e, | 05,40, 25 ) X
Mo 391 MeV
e Variational analysis Ny 2+1
Nerg {479, 603,552 }




Finite volume spectrum — Infinite volume scattering amplitudes

1-D quantum mechanics:
e 2 bosons; periodic 1-D volume; finite
range potential V/(x)
e Schrodinger equation
— W = cos(px + 6(p))
— matching at x = +L/2

:>P:T**5()

3-D QFT:
det[1+ip(s)- t(s)-(1+iM(s,L))] =0

[Liischer, with many extensions]

e p(s) = 2k(s)/+/s with k(s) the COM-momentum
function and s = ECM

e t(s) = infinite volume t-matrix

e M(s, L)) encodes finite-volume effects
(dense in partial waves)
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Dm at m, = 239 MeV: Spectra

my; = 239 MeV:

e Irreps labelled [d]A(P) P -
overall momentum l[5=] 2rd/L - \ \ \\\”

\ ’ o
\ °

e At rest: neat separation of lowest

partial waves
o Al: S-wave o
e T, : P-wave 05 P

e Threshold suppression o< k?/

e Non-zero momentum e — R
— more mixing of partial waves
gorp [000] A} [000] T, [100]A;

[L. Gayer, N. Lang et al (HadSpec), arXiv:2102.04973]



39 MeV and m,

et~

Spole —S .
Vs=m=£ 4l
e m, = 391 MeV:
shallow bound-state
~ 2 + 1 MeV below threshold
e m,; = 239 MeV: resonance
~ 77 + 64 MeV above threshold
below PDG average
[ = 425 + 224 MeV

e Both: strong coupling to D7
channel

[L. Gayer, N. Lang et al (HadSpec), arXiv:2102.04973]
[G. Moir et al (HadSpec), JHEP 10 (2016) 011]
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I =0 DK at m; =239 MeV and m, = 391 MeV
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[G. Cheung et al (HadSpec), JHEP 02 (2021) 100 arXiv: 2008.06432]



I =0 DK at m; =239 MeV and m, = 391 MeV

gy = 391 MeV.
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Bound states at both masses:
my = 239 MeV: /s = 2362(3) MeV; |c| = 1420(50) MeV
my = 391 MeV: /s = 2380(3) MeV; |c| = 1730(110) MeV

[G. Cheung et al (HadSpec), JHEP 02 (2021) 100 arXiv: 2008.06432]
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Natural mass ordering

Uxp7: many predictions of
two-pole structure

mass evolution of poles: SU(3)g
— physical meson masses

Poles in 3 roughly consistent
with lattice

Higher sextet pole? Needs
coupled-channel analysis

ark mass dependence
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Heavy-light mesons with spin: D*7m — D*7 (Spectra)
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[ N. Lang and D. Wilson (HadSpec) arXiv: 2205.05026]



D*n — D*m (Amplitudes)

my; = 391 MeV .
. pieiltil
. _ (D*n{3: = 35} D*n{3s — °Di}
P+ = D*7r{3D1 N 3D1}
10
Pz
08 -
07 | > oz}
. _ (Dn{'D, = D2} Dx{'D} — D*x{°Dy} e
JP2t = D*7{3D, — Dy} 0s L
02 -
D* /’
Ecm/MeV
2350 2400

[ N. Lang and D. Wilson (HadSpec) arXiv: 2205.05026]



m, = 384 MeV:
/30, = 2397(2) MeV — /55, = (2475(3) — £5(3)) MeV — | /5p, = (2524(2) — £10(4)) MeV;
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ark limit
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[ N. Lang and D. Wilson (HadSpec) arXiv: 2205.05026]



Conclusions

Lattice QCD provides first principles approach to hadron spectroscopy

e D-mesons: good place to compare with experiment

e Formalism applicable to wide range of processes (coupled-channels,
charmonium, baryons...)
e Form factors possible
e There are challenges:
e Lighter masses: computationally expensive
e (3+4)-body thresholds: formalism under development



Thank you! Questions?



Correlators on the lattice

e Compute matrix of (euclidean) correlators:
Cj(t) = (0/0i()0](0)(0),

e O;(t) have quantum numbers of | =1/2 Dr
e Find "optimal” interpolators by solving Generalised Eigenvalue
(GEV) problem

Cl(t)vj(n) = >\n(t7 tO)CU(tO)VJ(n)7

e Fit Principal correlators (eigenvalues):

An(t, t0) = (1 — Ay)e Enlt=t0) 4 A e En(t—t0)



Dm 391 MeV Operator Table (S-wave)

A [000] Aq[100] Aq[110] Aq[111] A1 [200]
Dyooo] ™[000] Diooo] ™[100] Diooo] ™[110] Diooo] ™[111] Dr100] ™[100]
Dp100] ™[100] Dr100] ™[000] Dr100] ™[100] Dr100] ™[110] Dr110] ™[110]
Dri10] ™10 Dr1o0] ™[110] Dr110] ™[000] Dr110] ™[100] Dr200] ™[000]
Dp11) ™p11) Dp100] ™[200] Dpi10] ™[110] Dp111] ™[000] D[z 10] ™[100]
Dyooo] 7[000] Dr110] ™[100] Dr111] ™[100] Dp211] ™[100] D200 Mjooo]
Dl100] 7[100] Dpi10) m[111] Dp210] ™[100] D™ (110] [100]

Ds{000] Kjooo] D111] ™[110] D™ [100] 7[100] Dp111] 7jooo]
D200] ™[100] D™ [111] ™[100] Dsp111] Kjooo]
Dp210] ™[110] Dp110] 7[000]
Djooo] ™[100] Ds1110] Kjooo]
Dl100] 7[000]
Ds000] K[100]

B Dsp100] Ko00] B B .
8 x $Tep 18 X P 18 x P 9 x PpTep 16 x $Tep

Operators used in the S-wave fits. Subscripts indicate momentum types. I' represents some monomial of -y matrices and derivatives.



Dm 391 MeV Operator Table (P-wave)

7] [000] E5[100] By [110] B,[110]
Dr100] ™[100] Dp100] ™[110] Dp100] ™[100] Dpi00] ™[111]
Dr110] ™[110] Dr110] ™[100] Dr110] ™[110] Dr110] ™[110]
D*[100] ™[100] | D™ {o00] T[100] Dl210] ™[100] Dp111] ™[100]

D™ 100] ™o00] | D [100] [100] D™ (000] 7[110]
D™ [110] ™oo0] | D (100] T[r00] 12}
D™ [110] ™[000]
B B B D™ [111] ™[100]
6 x pTp 18 x PT 18 x PT 20 x PTep

Operators used in the P-wave fits. Subscripts indicate momentum types. I represents some monomial of ~ matrices and derivatives. The

number in curly parentheses indicates the number of operators of this momentum combination



How are operators constructed?

e Two types of interpolating operator:

e quark bilinears: ¢I'D...¢)
e meson-meson like operators: 37~ 5C(pi, p_é)Q;A1 (P_i)QLZ(p})

e Rotational symmetry broken = eigenstates labelled by irreducible
representations of Oy or LG(P) (irreps)

e Continuum spins subduce into one or more finite volume irreps;
operators are projected into irreps

e Correlators are computed using distillation with 256 vectors



Subduction Table

5 Irrep | JP gﬁ fﬁ) ) Dr J[’,j,] D*m J[’;,]
A A (P # 0)
AT ot, a4t ot ...
[000] T, 1-, 3 1=, ..
E* 2+ 4+ 2+ .
A1 0, 4 ot, 1=, 2+, .. | ...
2] B 1,3 1-, 2+, . T
(nn0] Ay oh), 2, 4 0t, 1, 2[+2],
By, B, | 1,3 1—, 2+, .. 1+, ...
[nnn] Ar 0+, 3 o+, 1—, 2+, ...

Lowest D7 and D* 7 continuum JP and helicity A subductions by irrep
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Masses and thresholds

arm
™ |0 039t28(18) atEghreshold
K | o 08344(7) Dm | 0.34851(21)
0.09299(56) Drr | 0.38779(27)
n .
D .40222(57
D | 0.30923(11) n | 0.40222(57)

(
(
DK | 0.40700(14)
D*rr | 0.40914(35)

(
Ds | 0.32356(12)
D* | 0.33058(24)

Left: A summary of the stable hadron masses relevant for this calculation. Right: kinematic thresholds relevant for | = 1/2 D
scattering.
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Operator basis variations

Varying the basis affects the
spectrum

| =1/2 allows both
meson-meson and gg-like
operator constructions

Interpolating the complete
spectrum requires both types of
operator

Other meson-meson operators
do not play a significant role
below coupled-channel threshold
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Spectrum in A7

22



Combined Dn S + P-wave and D*7m S-wave

Sanity check: Fit of all relevant
partial waves below three-body

threshold

e Fit of energy levels below D =
threshold in all irreps we of
computed ol

e Parametrisation: K-matrix with <l

2 channels / 3 partial waves

e Pole term in D7 S- and P-wave

e Constant in D*m S-wave 25 s 0D

e Results compatible with fit
excluding D* 7

23



SU(3) point

Consider SU(3)r symmetric theory

(my = mg = ms):

e meson-meson system transforms like
38 =336 ® 15 under flavour

rotations

e For broken flavour symmetry these
representations mix: D*)z / D)y /
DS(*)K receive contributions from all

three

K .
Q\;-x Q=0 Q=+1

https://en.wikipedia.org/wiki/Quark-model - Public
Domain

24



Heavy-quark symmetry

® M= MmgQg — X
= —igToy" — —igTvh + O(1/mg)
(heavy-quark spin symmetry)

= U(Nh)[:

(heavy-flavour symmetry)

. Splns decoupled define:

= J— SQ—L+5
o For L=1weget: jj=1/2and j;=3/2
e This gives:

2®2=143and2®4=345

e = Two positive parity spin doublets:
(0*,1%) and (11,27)
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