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Plan

Team: Haiyuan Zou, Jin Zhang, Shan-Wen Tsai, Yannick
Meurice [Meurice et al., 2022]

• Attempt to be pedagogical
• The process
• Path:

1. Euclidean gauge theory
- (Specific example)

2. Tensor network
3. Transfer matrix

- Continuous-time limit [Fradkin and Susskind, 1978]

4. Quantum Hamiltonian
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Euclidean lattice

• Three Euclidean
dimensions
∼ 2 + 1

• Cubic lattice

• Infinite volume

Judah Unmuth-Yockey Fermilab

H from TN 5 / 30



Introduction Tensor Network Transfer matrix Continuous-time limit Conclusions

Euclidean lattice

• Three Euclidean
dimensions
∼ 2 + 1

• Cubic lattice

• Infinite volume

Judah Unmuth-Yockey Fermilab

H from TN 5 / 30



Introduction Tensor Network Transfer matrix Continuous-time limit Conclusions

Euclidean lattice

• Three Euclidean
dimensions
∼ 2 + 1

• Cubic lattice

• Infinite volume

Judah Unmuth-Yockey Fermilab

H from TN 5 / 30



Introduction Tensor Network Transfer matrix Continuous-time limit Conclusions

Compact Abelian Higgs model

S = −β
∑
x

∑
µ<ν

cos(θµν(x))︸ ︷︷ ︸
Sg

−κ
∑
x

∑
µ

cos(θµ(x))︸ ︷︷ ︸
Sκ

θµν(x) = θµ(x) + θν(x+ µ̂)− θµ(x+ ν̂)− θν(x)

Z =

∫ 2π

0

Dθ e−S

=

∫ 2π

0

Dθ e−Sge−Sκ
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Strong-coupling expansion

• Discretize (digitize) field

• Fourier conjugate basis

ea cos(θ) =
∞∑

n=−∞

In(a)e
inθ

eβ cos(θµν(x)) =
∞∑

mµν(x)=−∞

Imµν(x)(β)e
imµν(x)θµν(x)

eκ cos(θµ(x)) =
∞∑

nµ(x)=−∞

Inµ(x)(κ)e
inµ(x)θµ(x)
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Link tensors

∫ 2π

0

dθµ(x)

2π
eiθµ(x)(m1+m2−m3−m4+n)

= δm1+m2−m3−m4+n,0

→ Inµ(x) for each link

Am1m2m3m4(κ) ≡ Im3+m4−m1−m2(κ)

= I∇⃗·m⃗(κ)

Indices are d.o.f.
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Plaquette tensors

→ Imµν(x)(β) on plaquettes

Bm1m2m3m4(β)

= Im1(β)δm1,m2δm2,m3δm3,m4

Indices are d.o.f.
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Tensor network

Judah Unmuth-Yockey Fermilab

H from TN 11 / 30



Introduction Tensor Network Transfer matrix Continuous-time limit Conclusions

1 Introduction

2 Tensor Network

3 Transfer matrix

4 Continuous-time limit

5 Conclusions

Judah Unmuth-Yockey Fermilab

H from TN 12 / 30



Introduction Tensor Network Transfer matrix Continuous-time limit Conclusions

Transfer matrix

T = e−Hτ

With H = K + P

T = e−Pτ/2︸ ︷︷ ︸
diagonal

e−Kτ︸ ︷︷ ︸
off-diagonal

e−Pτ/2
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Potential layer

Note: Diagonal
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Kinetic layer
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Sandwich
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Continuous-time limit

[Fradkin and Susskind, 1978]

κspace ≈ βspace ≪ βtime ≈ κtime

τ ≈ 1/βtime, 1/κtime ≈ κspace, βspace

• Shrinking τ

• Raising time couplings
• Lowering space couplings
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Diagonal elements

• “in” indices = “out” indices

• e−Hτ ≈ 1−Hdiagτ︸ ︷︷ ︸
diagonal

−Hoffτ

I0(βtime)

(
Im(βtime)

I0(βtime)

)
≈ I0(βtime)

(
1− m2

2βtime

)

I0(κtime)

(
I∇⃗·m⃗(κtime)

I0(κtime)

)
≈ I0(κtime)

(
1− (∇⃗ · m⃗)2

2κtime

)
1

βtime
→ τ

1

βtimeτ
,

1

κtime
→ τ

1

κtimeτ
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O(1/βtime)
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O(1/κtime)
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Diagonal elements

Hdiag =
1

2βtimeτ︸ ︷︷ ︸
U/2

∑
x

∑
i

m2
x,i +

1

2κtimeτ︸ ︷︷ ︸
Y/2

∑
x

(∇⃗ · m⃗)2x

Hdiag =
U

2

∑
x

∑
i

(Lz
x,i)

2 +
Y

2

∑
x

(∇⃗ · L⃗z)2x

Judah Unmuth-Yockey Fermilab
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Diagonal elements
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Off-diagonal elements

• “in” indices ̸= “out” indices

• e−Hτ ≈ 1−Hdiagτ − Hoffτ︸ ︷︷ ︸
off-diagonal

I0(βspace)

(
Im(βspace)

I0(βspace)

)
≈

m=±1
I0(βspace)

(
βspace

2

)

I0(κspace)

(
I∇⃗·m⃗(κspace)

I0(κspace)

)
≈

∇⃗·m⃗=±1
I0(κspace)

(κspace

2

)
βspace → τ

βspace

τ
, κspace → τ

κspace

τ
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O(βspace)
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Off-diagonal elements

Hoff =− βspace

2τ︸ ︷︷ ︸
W/2

∑
x

(U+
x,1U

+
x,2U

−
x,3U

−
x,4 + h.c.)

− κspace

2τ︸ ︷︷ ︸
Z/2

∑
x

∑
i

(U+
x,i + U−

x,i)

Hoff =− W

2

∑
x

(U+
x,1U

+
x,2U

−
x,3U

−
x,4 + h.c.)

− Z

2

∑
x

∑
i

(U+
x,i + U−

x,i)
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Final

H =
U

2

∑
x

∑
i

(Lz
x,i)

2 +
Y

2

∑
x

(∇⃗ · L⃗z)2x

− W

2

∑
x

(U+
x,1U

+
x,2U

−
x,3U

−
x,4 + h.c.)

− Z

2

∑
x

∑
i

(U+
x,i + U−

x,i)
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Closing remarks

• Lagrangian → Hamiltonian

• Temporal couplings → ∞
• Spatial couplings → 0

• Numerical
• Problem specific:

• Visualization
• Symmetry

Thank you!
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