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What is Causal Inference?
Motivation
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The Bivariate Problem
Setup
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• Given a joint distribution of

realizations of X and Y

d = {xi , yi}

Choose X ! Y or Y ! X .
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The Bivariate Problem

• Allows to discriminate between Markov-equivalent causal

graphs

• Conditional independence tests don’t work

• Remark: We limit ourselves to observational data (e.g.

Astronomy).
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The Bivariate Problem
A Paradigmatic Example
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The Bivariate Problem
A Paradigmatic Example

• The data d are (age, viral load) pairs
†
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†
Jones et al. [2].
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The Bivariate Problem
Idea

• The data d comes from a joint density distribution %(x , y)
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The Bivariate Problem
Idea ! introduce asymmetry!
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%(x , y) = %(x) p(y |x) = %(y) p(x |y)

=) Model the conditionals p(y |x) and p(x |y)
to determine the causal direction.
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A Conditional Density Model
Plan

• Select a causal direction, e.g. X ! Y

• Model the conditional distribution

• Repeat modeling for the opposite causal direction

• Apply model-selection criterion to decide the preferred
causal direction
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A Conditional Density Model
Model Conditional Distribution ! Flexible Noise Model

p(y |x ,X ! Y ) = e
g(y)
|{z}

indep. cont.

e
h(x ,y)

R
Dx

eh(x̃ ,y) dx̃
| {z }

dep. cont.

 Z

Dy

e
h(x ,ỹ)+g(ỹ)

R
Dx

eh(x̃ ,ỹ) dx̃
dỹ

!�1

| {z }
normalization
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R
Dx

eh(x̃ ,ỹ) dx̃
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The Flexible Noise Model
Results X ! Y
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The Flexible Noise Model
Results Y ! X
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The Flexible Noise Model
Conditionals
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Model Selection
The Bayesian approach

• Given 2 models M1(✓1) and M2(✓2)

p(M1|d) =
P(d |M1)P(M1)

P(d)

p(M2|d) =
P(d |M2)P(M2)

P(d)

• Calculate odds ratio

O =
p(M1|d)
p(M2|d)

=
p(d |M1)

p(d |M2)
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Model Selection
The Evidence Lower Bound (ELBO)

• In variational inference: q� ⇠ p(✓|d ,M)

DKL(q||p) =
*
log

q�(✓̃)

p(✓̃|d ,M)

+

q�

= hlog q�(✓)iq� �
⌧
log p(✓|d ,M)

p(d |M)

p(d |M)

�

q�

= � hHq(✓)iq� + hHp(✓, d |M)iq� + log p(d |M)

log p(d |M) = DKL(q||p) +

log p(d |M) �
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The Flexible Noise Model
Model Selection

• Calculate a Bayesian ELBO for each causal direction

OELBO =
p(data|X ! Y )

p(data|Y ! X )

• In the example, OELBO ' e
3.5

in favor of X ! Y
‡

‡
Guardiani et al. [1].
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The Bivariate Problem
The Tübingen Cause-E↵ect Pairs Dataset (Mooij et al. [3])
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(Gaussian) Additive Noise Models
Theory

• X ! Y =) Y = f (X ) + ⇠

=) p(y |x ,X ! Y ) = G(y � f (x),N)
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(Gaussian) Additive Noise Models
Results
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Moment-constrained Causal Modeling
A guiding Idea
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Moment-constrained Causal Modeling
A guiding Idea ! follow the moments!
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Moment-constrained Causal Modeling
First Order

• Start from (x , y 0
)

• Construct a FNM model in
(x , y 0

)

p(y
0|x , X ! Y ) = e

g(y 0) e
h(x ,y 0)

R
Dx

eh(x̃ ,y 0) dx̃
Z�1

• Introduce a shift function ŝ(x)
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Moment-constrained Causal Modeling
First Order

• Perform the substitution
y = y

0 �hy 0ipFNM(y 0|x ,X ! Y )
+ ŝ(x)
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Moment-constrained Causal Modeling
Results - Evidence

OELBO =
p(d|X ! Y )

p(d|Y ! X )
' e

20
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Future Work

• Benchmark against existing causal inference algorithms

• Implement second order and beyond (?)

• Develop confounder model

• Extend to more complicated causal graphs
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‡
Credits @ xkcd.com
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Thank you!
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What is Causal Inference?

X4

X3

X2

X1

Figure: Simple example of

a DAG representing causal

directions.

Markov Condition

P(X1, . . . ,Xn) =

NY

i=1

P(Xi |parentXi
)
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Causal Inference and Bayesian Generative Modeling
Structural Causal Models

X4

X3

X2

X1

Structural Causal Models (SCMs)

can model causal relations

X1 := G(0, 1)

X2 := 2X1 + G(1, 1)

X3 := �X1 + G(2, 1)

X4 := X2 + X
2

3 + G(0, 1).
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Causal Inference and Bayesian Generative Modeling
Structural Causal Models

X4

X3

X2

X1

Can model interventions

X1 := G(0, 1)

X2 := 2X1 + G(1, 1)

X3 := �X1 + G(2, 1)

X4 := 23.
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Causal Inference and Bayesian Generative Modeling
Interventions

X4

X3

X2

X1

Can model interventions

X1 := G(0, 1)

X2 := 2X1 + G(1, 1)

X3 := �X1 + G(2, 1)

X4 := 23.

=) Pdo(X4=23)(X1) 6= P(X1|X4 = 23)
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Causal Inference and Bayesian Generative Modeling

Y = f (X , ⇠)

p(y |x , X ! Y ,M) =

Z

D⇠

p(y |x , ⇠,X ! Y ,M)P(⇠) d⇠

=

Z

D⇠

�(y � f (x , ⇠))P(⇠) d⇠

= P
⇣
f

�1

⇠ (x , y)
⌘ ����

@f

@⇠

⇣
x , f �1

⇠ (x , y)
⌘����

�1
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Additive Noise Models

Y = f (X , ⇠) = f (X ) + ⇠

pANM(y |x ,X ! Y ) =

Z

D⇠

p(y |x , ⇠,X ! Y ,ANM)P(⇠) d⇠

=

Z

D⇠

�(y � f (x) � ⇠))P(⇠) d⇠

= P(y � f (x))
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The Flexible Noise Model
More Results - Infectivity
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