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Example from Optimal Control
min 1

2
∫ 1

0 2x(t)2 + u(t)2dt s.t. x ′ = 1
2 x(t) + u(t), x(0) = 1

λ(t) = 2e3−t −2e2t

et/2(2+e3) x∗(t) = (2e3t + e3)/(e3t/2(2 + e3))
λ(1) = 0 u∗(t) = 2(e3t − e3)/(e3t/2(2 + e3))

min h
2

∑N
i=0 2x2

i+1/2 + u2
i+1/2

xi+1/2 = xi + h
2 (xi + ui)

xi+1 = xi + h
2 ( 1

2 xi+1/2 + ui+1/2)

xi+1/2 = 0, xi = 1

ui+1/2 = 0, ui = − 4+h
2h xi
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min 1

2
∫ 1
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2h xi , ui+1/2 = 0

W. Hager, Numerische Mathematik, 2000
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Motivation

Starting Point: Adjoints are Great!

BUT
MEM(ȳ⊤F ′(x)) ∼ OPS(F (x))

independent of chosen approach!
Alternatives:

no assumptions on structure of F (x)
⇒ For AD tools: subroutine-oriented checkpointing
⇒ see, e.g., Tapenade and OpenAD

F (x) = time-stepping procedure
transient procedure, i.e., real time-dependent process
⇒ checkpointing
pseudo time-stepping, e.g., aerodynamics, spin-up
= fixed point iterations
⇒ adapted derivative calculation

F (x) = iterative solve
⇒ adapted derivative calculation

A. Walther Memory-reduced Calculation of Adjoints 2 / 24 June 21, 2023



Motivation

Starting Point: Adjoints are Great!
BUT
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Basics of Checkpointing

Gradient Calculation (Time Integration)
1 Forward integration: For given x0

xi+1 = Fi(xi , ui), i = 0, . . . , l − 1
with xi state, ui control
number of time steps l might be not known a priori

2 Evaluation of target function J(x , u)

3 Backward integration:
x̄i−1 = F̄i(x̄i , xi−1, ui−1, ui), i = l , . . . , 1
AD, discretization of continuous adjoint, hand coded, . . .

4 Gradient calculation
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Basics of Checkpointing

Idea of Checkpointing
Store-Everything Approach:

10 201

10

5

1

l

t

Checkpointing:
20 30101

10

5

1

l

40

t

Serial = either one forward or one adjoint time step is performed
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Basics of Checkpointing

Checkpointing Theory II
Goal: Minimal number of recomputations for c checkpoints

(serial checkpointing)

Available results:
l known, constant step costs
(Griewank ’92), (Griewank, Walther ’00)
(Kowarz, Walther 2007)
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Basics of Checkpointing
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Basics of Checkpointing

Checkpointing Theory II
Goal: Minimal number of recomputations for c checkpoints

Available results:
l known, constant step costs
(Griewank 1992), (Griewank, Walther 2000),
(Kowarz, Walther 2007)
l known, variable step costs
(Walther 2000), (Hinze, Sternberg 2005)

l unknown, constant step costs
(Hinze, Walther, Sternberg 2006), (Stumm, Walther 2010),
(Moin, Wang 2010)
l known, variable access cost
(Stumm, Walther 2009), (Aupy, Hovland et al. 2015),
(Schanen, Marin, Zhang, Anitescu 2015)

Also applicable for continuous adjoints!
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Basics of Checkpointing

Checkpointing Theory II
Goal: Time-minimal adjoint computation
Goal: ⇒ forward and adjoint time steps at the same time

1 8 16

8

1

l

t

Available results:
l known, binary decomposition,
(Benary ’96)
l known, schedules based on Fibonacci numbers
(Walther ’99), . . .
l unknown, extended Fibonacci schedules
(Lehmann ’02), . . .

A. Walther Memory-reduced Calculation of Adjoints 6 / 24 June 21, 2023



Basics of Checkpointing

Checkpointing Theory II
Goal: Time-minimal adjoint computation
Goal: ⇒ forward and adjoint time steps at the same time

1 8 16

8

1

l

t

Available results:
l known, binary decomposition,
(Benary ’96)
l known, schedules based on Fibonacci numbers
(Walther ’99), . . .
l unknown, extended Fibonacci schedules
(Lehmann ’02), . . .

A. Walther Memory-reduced Calculation of Adjoints 6 / 24 June 21, 2023



Basics of Checkpointing

Theory for Binomial Checkpointing II

Theorem (Complexity Result I)
Given

l = total number of time steps to be reversed
c = number of checkpoints that can be used
r = repetition number, i.e., unique integer satisfying

β(c, r − 1) < l ≤ β(c, r) ≡
(c + r

c
)

Then: The minimal number of time step evaluations required equals

t(c, l) = rl − β(c + 1, r − 1) + 1

Proof: Based on induction, see (Griewank, Walther ’00)
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Basics of Checkpointing

Theory for Binomial Checkpointing II
Place of next checkpoint l̂ :

l
β(c,r−1)

β

^

β(c,r) l

(c,r−2)

(c,r−1)β β (c,r−1)+β (c−2,r)

(c,r−1)+    (c−1,r−1)β β
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Basics of Checkpointing

Theory for Binomial Checkpointing II
Theorem (Complexity Result II)
Given

l = total number of time steps to be reversed
c = number of checkpoints that can be used
r = repetition number, i.e., unique integer satisfying

β(c, r − 1) < l ≤ β(c, r) ≡
(c + r

c
)

Then: Among all checkpoint schedules satisfying the previous theorem
the minimal number of times a current state is saved onto the stack of
checkpoints is given by

q(l , r) =
{

β(c − 1, r − 1) if l ≤ β(c, r − 1) + β(c − 1, r − 1)
l − β(c, r − 1) if l ≥ β(c, r − 1) + β(c − 1, r − 1)

Proof: Based on induction, see (Griewank, Walther ’00)
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Basics of Checkpointing

Theory for Binomial Checkpointing II
Place of next checkpoint l̂ :

l
β(c,r−1)

(c,r−2)β

^

(c,r−1)β

β(c−1,r−2) (c−2,r−1)β

β(c,r)

β(c−1,r−2)

β  (c−2,r−1)

l

β(c−3,r)
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Basics of Checkpointing

Repetition Number r vs Time Step Number l
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[Walther, Griewank 2004]
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Basics of Checkpointing

The Checkpointing Routine revolve()
. . .
do

whatodo = revolve()
switch(whatodo)

case advance: for old state < i ≤ next state forward(x)
case takeshot: store(x, xstore, current checkpoint)
case firsturn: init(bar x, bar u)

reverse(bar x, bar u)
case youturn: reverse(bar x, bar u)
case restore: restore(x, xstore, current check)

while(whatodo <> terminate)

blue = simulation, green = checkpointing, red = revolve routines
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Basics of Checkpointing

Current Strategy Chosen by revolve()
Place of next checkpoint l̂ :

l
β(c,r−1)

(c,r−2)β

^

(c,r−1)β

β(c−1,r−2) (c−2,r−1)β

β(c,r)

β(c−1,r−2)

β  (c−2,r−1)

l

β(c−3,r)
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Basics of Checkpointing

Test Case: Cavity Flow
joint work with Michael Hinze

Cost function of tracking typ, initial state:

y0(x) = e
[

(cos 2πx1 − 1) sin 2πx2
− (cos 2πx2 − 1) sin 2πx1

]
,

Ω := (0, 1) × (0, 1), T = 1, Re = 10, e = Euler number

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Desired state:

z(x , t) =
[

φx2(x , t)
−φx1(x , t)

]
,

φ(x , t) = θ(x1, t)θ(x2, t),
θ(y , t) = (1 − y)2(1 − cos kt),

y ∈ [0, 1].
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Basics of Checkpointing

Runtime Ratios, 1000 Time Steps
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#Checkpoints
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2113 v−nodes, 545 p−nodes, 1024 triangles
545 v−nodes, 145 p−nodes, 256 triangles
145 v−nodes, 41 p−nodes, 64 triangles

Run-time ratio between 2 and 7.
Only a very small number of checkpoints required!
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Basics of Checkpointing

Optimal Turn-around Maneuver
for an Industrial Robot

Industrial robot ABB IRB 6400
(Büskens et al.)
q = (q1, q2, q3) as angular
coordinates of the robot’s joints
Controlled via three functions u1
through u3

Control problem: minimize the
energy-related objective

90◦ + q2 − q3

q3
q2

q3

J(q, u) =
∫ tf

0
[u1(t)2 + u2(t)2 + u3(t)2] dt

Trajectory approximation using the standard Runge-Kutta method of
order 4 resulting in ≈ 800 lines of C++ code
Adjoint computation: Combination of ADOL-C and revolve
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Basics of Checkpointing
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(Kowarz, Walther 2007), also oberservd in turbo machinery
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Adjoints for Pseudo-Timestepping

Starting Point: Adjoints are Great!
BUT

MEM(ȳ⊤F ′(x)) ∼ OPS(F (x))
independent of chosen approach!
Alternatives:

no assumptions on structure of F (x)
⇒ For AD tools: subroutine-oriented checkpointing
⇒ see, e.g., Tapenade and OpenAD

F (x) = time-stepping procedure
transient procedure, i.e., real time-dependent process
⇒ checkpointing
pseudo time-stepping, e.g., aerodynamics, spin-up
= fixed point iterations
⇒ adapted derivative calculation

F (x) = iterative solve
⇒ adapted derivative calculation
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Adjoints for Pseudo-Timestepping

Adjoints for Pseudo-Timestepping
Time-stepping prozess =
fixed point iteration for state x at given control u

No need to store intermediate results!
Derivative calculation?
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Calculation of Adjoints for Fixpoint Iterations
Fixpoint equation x∗ = F (x∗, u)
Desired derivatives:

∂x∗

∂u = ∂F (x∗, u)
∂u

This yields:

∂x∗

∂u = ∂F (x∗, u)
∂x

∂x∗

∂u + ∂F (x∗, u)
∂u

∂x∗

∂u =
(

I − ∂F (x∗, u)
∂x

)−1
∂F (x∗, u)

∂u

x̄⊤ ∂x∗

∂u = x̄⊤
(

I − ∂F (x∗, u)
∂x

)−1

︸ ︷︷ ︸
=: ξ⊤

∗

∂F (x∗, u)
∂u
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Adjoints for Pseudo-Timestepping

Fixpoint Iteration for Adjoints
With

ξ⊤
∗ = x̄⊤

(
I − ∂F (x∗, u)

∂x

)−1

one obtains

ξ⊤
∗

(
I − ∂F (x∗, u)

∂x

)
= x̄⊤ ⇔ ξ⊤

∗ = ξ⊤
∗

∂F (x∗, u)
∂x + x̄⊤ .

Fixpoint iteration for ξ⊤
∗ :

ξ⊤
k+1 = ξ⊤

k
∂F (x∗, u)

∂x + x̄⊤
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Adjoints for Pseudo-Timestepping

Convergence

Theorem (Christianson ’94)
For

xk+1 = F (xk , u) for k = 0, 1, . . . , N(
ξ⊤

k+1, ū⊤
k+1

)
= ξ⊤

k F ′(xN+1, u) +
(
x̄⊤, 0⊤)

for k = 0, 1, . . . , N̄

if ∥F ′(xN+1, u)∥ < 1 one has that

derivatives converge
convergence rate of derivatives ≈ convergence rate of state
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Shape Optimization in Aerodynamics

Cooperation UPB and DLR
(N. Kroll, N. Gauger)

Optimization of
complete design chain

Minimize drag
s.t. lift constant

(Gauger, Walther, Özkaya, Moldenhauer 2012)
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Convergence History (Adjoints)
linear convergence of iterations
same rate of convergence for both iterations∥∥x̄k+1 − x̄k

∥∥
2∣∣J(xk+1) − J(xk)
∣∣
2
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Runtimes
Discretization I PC cluster
2000 time steps 2 min 39 sec 1 min 44 sec
Taping 56.8 sec 2.5 sec
1000 adjoint steps 1 h 21 min 1 sec 15 min 8 sec

Diskretization II PC cluster
2000 time steps 11 min 36 sec 7 min 40 sec
Taping 5 min 49 sec 10.4 sec
1000 adjoint steps · · · 1 h 5 min 3 sec

Cluster: TIME(gradient) ≤ 9 × TIME(function)

PC: AMD Athlon 3200, 1 GB RAM
Cluster: single node, Dual AMD Opteron 240 (1.4GHz), 12 GB RAM

[Schlenkrich, Walther, Gauger, Heinrich 2008]
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Summary

Summary
Adjoint computation may result in emormous
memory requirement
Exploit structure!

Time-dependent problem:
Implicit time-stepping ? Unknown number of time steps?
Apply adapted checkpointing strategy
Pseudo time-stepping:
Two-phase approach “easy” to apply
One-shot approach more efficient but also more complicated
Differentiation of Newton-like iterations OK
Be careful when differentiating solvers like CG, GMRES, . . .

A. Walther Memory-reduced Calculation of Adjoints 24 / 24 June 21, 2023



Summary

Summary
Adjoint computation may result in emormous
memory requirement
Exploit structure!
Time-dependent problem:
Implicit time-stepping ? Unknown number of time steps?
Apply adapted checkpointing strategy

Pseudo time-stepping:
Two-phase approach “easy” to apply
One-shot approach more efficient but also more complicated
Differentiation of Newton-like iterations OK
Be careful when differentiating solvers like CG, GMRES, . . .

A. Walther Memory-reduced Calculation of Adjoints 24 / 24 June 21, 2023



Summary

Summary
Adjoint computation may result in emormous
memory requirement
Exploit structure!
Time-dependent problem:
Implicit time-stepping ? Unknown number of time steps?
Apply adapted checkpointing strategy
Pseudo time-stepping:
Two-phase approach “easy” to apply
One-shot approach more efficient but also more complicated

Differentiation of Newton-like iterations OK
Be careful when differentiating solvers like CG, GMRES, . . .

A. Walther Memory-reduced Calculation of Adjoints 24 / 24 June 21, 2023



Summary

Summary
Adjoint computation may result in emormous
memory requirement
Exploit structure!
Time-dependent problem:
Implicit time-stepping ? Unknown number of time steps?
Apply adapted checkpointing strategy
Pseudo time-stepping:
Two-phase approach “easy” to apply
One-shot approach more efficient but also more complicated
Differentiation of Newton-like iterations OK
Be careful when differentiating solvers like CG, GMRES, . . .

A. Walther Memory-reduced Calculation of Adjoints 24 / 24 June 21, 2023


	Motivation
	Basics of Checkpointing
	Adjoints for Pseudo-Timestepping
	Summary

