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• NLO potentials

• Results and conclusions
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• Abundance  set by freeze-out
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QUESTIONS

1. How to compute the annihilation cross-

section? Sommerfeld enhancement  (SE) + 

Bound State Formation (BSF)

2. Which multiplets are computable?   PUB

3. How to estimate the theoretical uncertainty on 

the DM mass?   THIS TALK

Crucial phenomenological information!

Example 2: Indirect detection?

CTA favored core radius – Line analysis

Baumgart, SB, Redigolo, Rodd, Slatyer – to appear

Preliminary



Non-perturbative effects: Sommerfeld enh.

Long-range interactions affect the wave function of the incoming particles, modifying the annihilation cross-
section

Notable example: Coulomb potential if

(Annihilation usually 
s-wave dominated)
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• Particle-Antiparticle pair bind into a wimponium bound state emitting a gauge boson
• The pair in the bound state later annihilates into SM, thus providing an additional annihilation channel

The direct annihilation cross-section is augmented by 



Non-perturbative effects: BSF

• Particle-Antiparticle pair bind into a wimponium bound state emitting a gauge boson
• The pair in the bound state later annihilates into SM, thus providing an additional annihilation channel

The direct annihilation cross-section is augmented by 

Constant for                                    BSF gives a similar scaling than SE 



The Perturbative Unitarity Bound

The total annihilation cross-section can be decomposed as a sum over partial waves labelled by the total angular 
momentum 

Unitarity of the S-matrix sets an upper bound on each partial wave. In the non-relativistic limit

Upper limit on the 
DM coupling

Bound on the DM mass
from freeze-out!

Griest et al. - Phys.Rev.Lett. 64 (1990) 615
Von Harling et al. 1407.7874
Smirnov et al. 1904.11503



The Perturbative Unitarity Bound – EW WIMP

In the case of EW WIMP, the coupling scales with the dimension of the representation

Average over the 
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Larger representations are more 
strongly coupled! 

PUB can be used to determine the 
largest computable representation

Large theoretical uncertainty in the 
predicted mass are expected both from 
NLO corrections to the hard cross-section 
and to the non-relativistic potentials.
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Non-relativistic potentials at NLO

NLO corrections can arise from loops of light matter alone (IR running of coupling) and from loops 
containing heavy DM states (UV, relativistic corrections)

IR corrections

UV corrections

Relativistic corrections to the kinetic energy               
should be included in principle

Negligible if 



IR computation

The behavior of the IR corrections crucially depends 
on the sign of the beta function. 

Abelian example in this talk.

IR corrections already considered in a number of papers

ASSUMPTION

Wino:

Minimal DM:

Generic WIMP:

Beneke et al. 1909.04584, Beneke et al. 2009.00640

Baumgart et al. 2309.11562

Urban 2108.07285, Harz et al. 1805.01200, 1901.10030, 
Binder et al. 1901.10030



IR computation

Problem: The boundary conditions must be imposed before the Landau pole 

Our solution: we use the LO Coulomb potential to estimate 
the sensitivity to the BC 

Precision
Velocity independent

For all       we determine      s.t.     

We estimate the error on the Sommerfeld by varying 

Similar procedure for BSF, although with smaller theoretical 
uncertainties since BS dynamics is mostly sensitive to 



UV potentials – Regularization 

Problem: The UV potentials are irregular and no boundary condition can be fixed at the origin

Solution: Regularize the potential close to the origin in such a way to leave long distance observables (scattering 
phase) the same

Agrawal et al. – 2003.00021
Bellazzini et al. – 1307.1129



UV potentials – Regularization 

Problem: The UV potentials are irregular and no boundary condition can be fixed at the origin

Described by the usual 
Schroedinger equation

Solution: Regularize the potential close to the origin in such a way to leave long distance observables (scattering 
phase) the same

Agrawal et al. – 2003.00021
Bellazzini et al. – 1307.1129



UV potentials – Regularization 

Problem: The UV potentials are irregular and no boundary condition can be fixed at the origin

Solution: Regularize the potential close to the origin in such a way to leave long distance observables (scattering 
phase) the same

Described by an effective 
Schroedinger equation

Wave function renormalization 
and regularized potential fixed 
by scattering phase and 
normalization of the 
Sommerfeld enhancement

Described by the usual 
Schroedinger equation

Agrawal et al. – 2003.00021
Bellazzini et al. – 1307.1129



UV potentials – Matching 

Born approximation determines 
the UV scattering phase

The UV scattering phase used to match 
the wave function at the boundary

Imposing                                             leads to: 

Need of an independent condition to determine 

Sommerfeld enhancement goes to 1 at large velocities

Agrawal et al. – 2003.00021



UV potentials – SE Normalization 

Described by an effective 
Schroedinger equation Described by the usual 

Schroedinger equation

Using the same matching parameters,                                 , and solving the Schroedinger equation in both regions but 
with a large velocity                 yields

Agrawal et al. – 2003.00021
Bellazzini et al. – 1307.1129



Coulombian example

• ‘‘Regularizing’’ the LO Coulomb 

potential leads to a systematic 

underestimate of the SE

• Adding more counterterms 

improves the agreement at 

large couplings



UV potentials – Uncertainty on the phase

Expansion 
of the phase

Comment on BSF:  similarly to the IR case, BSF is only slightly affected by these NLO corrections since they are relevant 
only for



Results – Abelian case



Estimate of EW WIMP mass uncertainty

Rough estimate of the uncertainty 
on the EW WIMP mass can be 
obtained by rescaling the abelian 
coupling with the typical effective 
coupling of the EW multiplet



Conclusions

• DM mass is determined by a combination of both hard and long range processes (SE and BSF)

• The PUB sets an upper bound on the WIMP coupling or the dimensionality of the EW WIMP multiplet

• Trustable theoretical uncertainty on the DM mass relevant for EW WIMP searches

• Large theoretical uncertainty on the DM mass expected close to the PUB

• NLO corrections to the potentials arise both from IR and UV dofs

• UV corrections must be regularized close to the origin and matching conditions must be imposed from 

long range observables

• Error from UV corrections coming from systematics and uncertainty on the scattering phase 



Back-up



UV corrections to BSF



Sommerfeld normalization
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