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Quarkonia

Plethora of non-relativistic QCD bound states, analogs of positronium.

[Chen et al., FBS 61, 2020]

Typical heavy-quark velocities:
v ∼ αs(1/a0) ≈ 0.3 . . . 0.1

Small v : integrate out the hard mass scale mh � p ∼ mhv ⇒ NRQCD.

Ultrasoft binding energy EB ∼ mhv
2 is even smaller: integrate out the soft

momentum scale 1
r
∼ p ∼ mhv � EB ∼ mhv

2 ⇒ potential NRQCD.

Wilson coefficients of pNRQCD depend on the distance r : potentials.

Simultaneous expansion in 1/mh and αs ∼ v . pNRQCD also in r .
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Quarkonia suppression
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The observed rate of excited quarkonia is smaller in HIC (than in pp).

Quarkonia suppression as QGP signature in HIC suggested 37 years ago:

E(r) ∼ −
α

r
e−rmD + const at T > Tc ,

i.e., ad hoc Debye screened Coulomb potential model for charmonium.

Thermal/electric/Debye mass is defined at leading order

m2
D =

CA + TfNf

3
g2T 2

.

Sequential melting: as quarkonia of various radii melt at various
temperatures, their rates serve as a thermometer. [Karsch, et al., 1988]
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The observed rate of excited quarkonia is smaller in HIC (than in pp).

Quarkonia suppression as QGP signature in HIC suggested 37 years ago:

E(r) ∼ −
α

r
e−rmD + const at T > Tc ,

i.e., ad hoc Debye screened Coulomb potential model for charmonium.

Thermal/electric/Debye mass is defined at leading order

m2
D =

CA + TfNf

3
g2T 2

.

Sequential melting: as quarkonia of various radii melt at various
temperatures, their rates serve as a thermometer. [Karsch, et al., 1988]
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Lattice gauge theory in a nutshell

Lattice regularization of path integral: change of variables

Uµ(x) = e
iaAµ(x)

, [ Uµ(x) ∈ group vs Aµ(x) ∈ algebra ] gauge link

Uµν (x) = Uµ(x)Uν (x + aµ̂)U†µ(x + aν̂)U†ν (x) = e
ia2Fµν (x) +O(a3) plaquette

Dµ[Uµ(x)]q(x) =
Uµ(x)q(x+aµ̂)−U

†
µ(x−aµ̂)q(x−aµ̂)

2a
+O(a2) cov. deriv.

SQCD[U, q̄, q] = a4
∑
x∈V4

∑
q

q̄(x)Mq [U(x)]q(x)

−
∑
x∈V4

∑
µ<ν

1

g2
0

Re Tr
{

1− Uµν (x)
}

Remark: the simplest versions of discretized fermions are problematic!

3 / 15



Introduction In-medium quarkonia on the lattice Potential formalism for quarkonia Summary

Numerical lattice gauge theory and the continuum limt

Stochastically sample the QCD path integral via MCMC

〈O〉QCD =
1

Z

1

N

N∑
{U}

O[U]
∏
q

det (Mq [U(x)])e−Sg [U] +O
(

1
√
N

)

Importance sampling in MCMC requires Euclidean signature.

det (Mq [U(x)]) is complex for Reµq 6= 0 ⇒ sign problem.

det (Mq [U(x)]) requires non-local updating ⇒ “global algorithms” (HMC).

Finite volume: usually periodic spatial boundary conditions.

Finite quark masses: extra-/interpolate to physical point.

Periodic Euclidean time ⇔ inverse temperature β ≡ 1/T = aNτ .

Scale setting to define a(g0): a convenient observable is defined at finite
g0 as having the respective continuum value.

Finite lattice spacing: ensure lines of constant physics when taking the
continuum limit g0 → 0.

Discretization artifacts: (aν)n logγ(aν) with ν a relevant scale.
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Hadrons with specific quantum numbers

In vacuum: hadron correlators studied on the lattice, e.g. for mesons

GΓ(τ, p) =

∫
d

3xeipx 〈Ω|O†
Γ

(τ, x)OΓ(0, 0) |Ω〉 =

∫ ∞
0

dωe
−ωτ

ρΓ(ω, p).

Spectral functions contain bound states, resonances and a continuum,. . .

Unstable states in a medium are interpreted as quasiparticle excitations.

Study of hadronic matter coupled to a thermal medium is tricky:

GΓ(τ, p, β) =

∫
d

3xeipx 〈Ωβ |O
†
Γ

(τ, x)OΓ(0, 0) |Ωβ〉 =

∫ ∞
0

dωK(ω, τ, β)ρΓ(ω, p, β) .

spectral features: thermally modified and subject to dissipative effects;
temperature-dependent Bose kernel in spectral representation;

K(ω, τ, β) =
cosh[ω(τ − β/2)]

sinh[ωβ/2]

NR/static
=⇒ e

−ωτ
.

Accessible information limited by τ ≤ β and K(ω, τ, β) = K(ω, β − τ, β) .

Reconstruction of ρΓ(ω, p, β) from GΓ(τ, p, β) is generally ill-posed.

Workaround: infer spectral information directly from the correlators.
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Screening masses: melting
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Hamiltonian in different directions:

Z = Tr [e−βH ] = Tr [e−aNzHz ] .

The same spectral function is accessed:

GΓ(z, β) =

∫
dx

∫
dy

∫ β

0

dτ GΓ(τ, x)

=

∫ ∞
0

2dω
ω

∫ ∞
−∞

dpze
ipz zρΓ(ω, px = py = 0, pz , β) .

Dissolution of bound states ⇒ unbound
quarks would satisfy free dispersion relation:

ω ∼
∑
i

√
m2

qi
+ (πT )2 .

Degeneracy of light V & A at T & Tc .

mb � T modifies the bottom dispersion.
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Hamiltonian in different directions:

Z = Tr [e−βH ] = Tr [e−aNzHz ] .

The same spectral function is accessed:

GΓ(z, β) =

∫
dx

∫
dy

∫ β

0

dτ GΓ(τ, x)

=
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0

2dω
ω
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ipz zρΓ(ω, px = py = 0, pz , β) .

Dissolution of bound states ⇒ unbound
quarks would satisfy free dispersion relation:

ω ∼
∑
i

√
m2

qi
+ (πT )2 .

Delayed for P & S (w. staggered artifact).

Bottom S-P splitting: at T & 2.2Tc steep
drop, followed by shallow decline (large mb).
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Screening masses: spin-dependent effects
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V-P splitting from SD potential @ O(1/m2
h).

Leading term O(ĝ2) contributes ∼ 0.2T .

At EW scale: 15% from beyond O(ĝ2).

Due to large mb delayed to T & 3Tc .
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Non-relativistic approach to heavy quarkonia

Thermal Bose kernel simplifies for NRQCD: K(ω, τ, β)→ e−ωτ .

Lattice NRQCD well established, but no continuum limit (mh � p ∼ 1/a).
[Thacker, Lepage, 1991]; [Lepage, et al., 1992]; [Meinel, 2010]

Finite temperature lattice NRQCD widely employed by FASTSUM
[FASTSUM, PRL 106, 2011]; [FASTSUM, JHEP 03, 2013]; [FASTSUM, JHEP 12, 2013]; [FASTSUM, JHEP 07, 2014]
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[FASTSUM, JHEP 07, 2014] [Kim et al., JHEP 11, 2018]

Poor agreement between χb1 results by different collaborations.

Unstable quasiparticle states: no asymptotic plateaus in effective mass.

Cannot afford large τ due to τ ≤ β (anisotropic lattices could help).

Poor overlap with ground state for point sources due to excited states.
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NRQCD bottomonia with extended sources

Extended sources suppress excited states, but also distort the UV part.

Spectral function Ansatz: ρhigh is vacuum-like ⇒ subtracted (via T = 0)

ρ(ω,T ) = ρ
low(ω,T ) + ρ

peak(ω,T )+ρhigh(ω) ;

peak modeled as Gaussian; low-energy tail with a well-separated delta.

Project excited states via GEVP, quark model shape functions as basis.
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[FASTSUM, 2022] [Larsen, et al., 2019]

Mass shifts for Υ(1, 2, 3S), χb0(1, 2P) consistent with zero at T . 330 MeV.

Widths for Υ(1, 2, 3S), χb0(1, 2P) increase linearly at T . 330 MeV.
Note: Γα via Gaussian, physical width may differ by a factor order one.
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[FASTSUM, 2022] [Larsen, et al., 2019]

FASTSUM: smeared sources, Backus-Gilbert method without subtraction.

Recent update (2022): practically no shift, linearly increasing width, too.
Note: Γα via Gaussian, physical width may differ by a factor order one.
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Potential picture and the static energy

0.0 0.2 0.4 0.6 0.8
r [fm]

−2.5

−2.0

−1.5

−1.0

−0.5

0.0

0.5

E
0

[G
eV

]

β 7.28 M iii

β 7.00 M i

β 7.00 M iii

β 6.72 M i

β 6.72 M ii

β 6.72 M iii

β 6.30 M i

β 6.30 M ii

β 6.30 M iii

β 6.00 M i

β 6.00 M ii

β 5.80 M i

(2+1+1)-f LQCD

∼ −α
r +σr

r
Q Q

[TUMQCD, PRD 107, 2022]

pNRQCD Langrangian @ NLO in r

LpNRQCD =

∫
d

3r Tr
{
S†[i∂0 − hs (r , ν, µus )]S

+O†[iD0 − ho(r , ν, µus )]O
}

+VA(r , ν, µus ) Tr
{
O†r · gES + S†r · gEO

}
+VB (r , ν, µus ) Tr

{
O†r · gEO + O†Or · gE

}
+Llight + Lglue + . . .

The potentials are observables (up to
a shift) calculable in LQCD; only static
energy E0 or (Vs ≡ V ) in full QCD.

Different potentials are related
non-perturbatively, e.g. Casimir
scaling, Gromes relation, etc.
[Gromes, Z.Phys.C 26 (1984)]

In-medium potentials become complex; details depend on hierarchies.
[Brambilla et al., PRD 78, 2008]

Free energies: real thermal observables, easily calculable for τ � 1/T .
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Potential picture and the static energy
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pNRQCD Langrangian @ NLO in r

LpNRQCD =

∫
d

3r Tr
{
S†[i∂0 − hs (r , ν, µus )]S

+O†[iD0 − ho(r , ν, µus )]O
}

+VA(r , ν, µus ) Tr
{
O†r · gES + S†r · gEO

}
+VB (r , ν, µus ) Tr

{
O†r · gEO + O†Or · gE

}
+Llight + Lglue + . . .

The potentials are observables (up to
a shift) calculable in LQCD; only static
energy E0 or (Vs ≡ V ) in full QCD.

Different potentials are related
non-perturbatively, e.g. Casimir
scaling, Gromes relation, etc.
[Gromes, Z.Phys.C 26 (1984)]

In-medium potentials become complex; details depend on hierarchies.
[Brambilla et al., PRD 78, 2008]

Free energies: real thermal observables, easily calculable for τ � 1/T .
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Quarkonia free energies and Polyakov loop correlator
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CFαs(1/r)
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Screened at rmD & 1: C sub
P (r ,T )

∼ exp
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3rT
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×
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5αs(T )e−rmD

36rT

)
αs(T ) � rmD � 1

= Csub
R (r, T ) + Csub

I (r, T ) rmD ∼ 1

Asymptotic screening masses: mR ∼ 2mD , mI ∼ 3mD from weak coupling.
We find mI/mR ≈ 1.75 and infer g(mD) ∼ mD

T
≈ 2.2− 2.6: milder running!
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In-medium static energy from the lattice

(2+1)-f LQCD

[HotQCD, 2308.16587]

Static energy V (r): lowest, well-separated peak in the static QQ̄

spectrum; access via Wilson line correlator in Coulomb gauge.

Continuum limit within errors; operator independent in central region.

Large Euclidean or Minkowski time limits coincide for real V (r):

meff(τ, r) = −∂τ ln W (τ, r)
τ→∞
=⇒ V (r) .
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In-medium static energy from the lattice

(2+1)-f LQCD

[HotQCD, 2308.16587]

No plateau in meff(τ, r ,T ) : complex V (r ,T ).

Infer real-time information through spectral decomposition of correlators.

UV part at T > 0 similar to T = 0. Subtract T = 0 UV part in Ansatz:

ρr (ω,T ) = ρlow
r (ω,T ) + ρpeak

r (ω,T )+ρhigh
r (ω)
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In-medium static energy from the lattice

[Larsen et al., 2402.10819]

Study UV subtraction for correlators in pure gauge theory (Wilson action).

N.B.: spectral functions obtained via Bayesian reconstruction.
[Burnier, Rothkopf, PRL 111, 2013]

Removes the high ω structure, but also affects the ground state peak.

Quasiparticle ground state represented locally as Lorentzian; tails must be
regularized, e.g. as Gaussian or as Cut Lorentzian for similar outcomes!

ρcL
r (ω) =

1

π

Arθ(|ω − ReV | − Cut)ΓL

(ω − ReV )2 + Γ2
L

,
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In-medium static energy from the lattice

(2+1)-f LQCD

[HotQCD, 2308.16587]

ReV (r ,T ) exhibits no sign of screening
independent of regularization within reason.

No screening consistent with the hierarchy
mD < 1/r < T � mh of quarkonia melting.
[Laine, NPA 820, 2009]

2nd cumulant as proxy for width:
fairly independent of regularization.

ImV /T ' √c2/T ∼ 1.5 at rT ∼ 1:
deconfinement by dissociation.

Supersedes previous lattice results, e.g.
[Burnier et al., PRL 114, 2014]

Consistent with less constraining results
from coarser HISQ lattices (similar analyis).
[HotQCD, PRD 105, 2021]

Similar potential obtained via ML from
lattice NRQCD BS-wavefunctions.
[Shi et al., PRD 105, 2022]

Potential from lattice NRQCD HAL QCD wavefunctions by FASTSUM:
plateaus at short distances, but no width permitted ⇒ screening claimed.
[Spriggs et al., PoS Lat 192, 2022] 14 / 15
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Summary

We explore hot nuclear media in relativistic heavy-ion collisions (HIC).

Hard probes may microscopically resolve these dynamical hot media.

Quarkonia are important hard probes, whose rates are modified in a HIC.

Experimental and theoretical evidence for sequential melting.

In-medium quarkonia modified through dissociation instead of screening!

Convincing evidence that the 37 year-old model of Matsui & Satz fails at
quarkonia melting: ultimate sign for deconfinement only at T ∼ 3Tpc.

“Auch eine Enttäuschung, wenn sie nur gründlich und endgültig
ist, bedeutet einen Schritt vorwärts, und die mit der Resignation
verbundenen Opfer würden reichlich aufgewogen werden durch den
Gewinn an Schätzen neuer Erkenntnis.” (Max Planck, 1858-1947)

Thank you for your attention!
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