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Heavy Quarks in Heavy ion Collisions

• Aim to understand the strongly coupled Quark Gluon Plasma (QGP)

• Heavy quarkonia produced in early stage heavy-ion collisions

• Described by transport coefficients

• Heavy quarks thermalize via diffusion (Focus of this talk)
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Motivation

• Nuclear modification factor RAA and el-
liptic flow v2 described by spatial dif-
fusion coefficient Dx

• Varying results for temperature depen-
dence across theoretical models

• Input for quarkonium production models

c
T/T

1 1.5 2

s
T

D
π

2

0

10

20

30

D
­m

eson (TAM
U
)

D
­m

eson (O
zvenchuk)

=0.4
SαpQCD LO 

(T)
sα

pQCD LO 

T­Matrix V=F

T­Matrix V=U
PHSD

QPM (Catania) ­ LV

QPM (Catania) ­ BM

MC@sHQ AdS/CFT

Duke (Bayesian)

Lattice QCD

et al.Ding 

et al.Banerjee 

et al.Kaczmarek 

2 / 18Figure: X. Dong CIPANP (2018)



Heavy Quark diffusion: Langevin perspective

• Heavy quark energy changes only little when colliding with medium
Ek ∼ T , p ∼

√
MT� T

• HQ momentum is changed by random kicks from the medium
→ Brownian motion; Langevin dynamics can be used

dpi

dt
= − κ

2MT
pi + ξi(t) , 〈ξ(t)ξ(t′)〉 = κδ(t− t′) Svetitsky 88; Mustafa et.al.97;

Moore & Teaney 05; Rapp & van Hees 05

Associated Fokker-Planck equation

∂fQ(p, t)
∂t

= − ∂

∂pi
[piηD(p)fQ(p, t)] +

∂2

∂pi∂j
[κij(p)fQ(p, t)]

• Single coefficient κ gives access to multiple interesting quantities:

Ds = 2T2/κ ηD = κ/(2MT) τQ = η−1
D

Spatial diffusion Drag coefficient Relaxation time
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Heavy Quark diffusion: Field theoretical view

• For Heavy quark vector current Ĵ define force F = MdĴ /dt, → κ becomes:

κ(M)(ω) ≡ 1
3χ

∫ ∞

−∞
dt eiωt

∫
x

〈
1
2
{
F i(t, x),F i(0, 0)

}〉
• Expand the force in 1/M

F i = φ†
[
−gEi +

[Di,D2 + cbgσ · B]
2M

+ · · ·
]
φ

• Note also Lorentz force
F(t) = ṗ = q (E + v × B)) (t)

• Switch to Euclidean space correlation function:

GE(τ) = −
1
3

3∑
i=1

〈Re Tr [U(β, τ)gEi(τ, 0)U(τ, 0)gEi(0, 0)]〉
〈Re Tr [U(β, 0)]〉

,

GB(τ) =
3∑

i=1

〈Re Tr [U(1/T, τ)Bi(τ, 0)U(τ, 0)Bi(0, 0)]〉
3 〈Re Tr U(1/T, 0)〉
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Heavy Quark diffusion: Perturbation theory

κE,B = lim
ω→0

2T
ω

ρ(ω) GE,B(τ) =

∫ ∞

0

dω
π

ρ(ω)
cosh

(
ω
T [τT− 1

2 ]
)

sinh ω
2T

• Perturbatively known up to NLO

κE =
g4T3

27π

[
2Nc

(
ln

2T
mD

+ ξ

)
+ Nf

(
ln

4T
mD

+ ξ

)
+

NcmD

T
C
]

• Total κ up to 〈v2〉 ∼ O( T
M) corrections

κtot ' κE +
2
3
〈v2〉κB

• Perturbative series unreliable
• HTL has too strict

assumption mE � T
• Non-perturbative

lattice simulations needed
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Related observable: Heavy Quarkonium Diffusion

• Quarkonium in medium can be described by Limbland equation See: presentations tomorrow

• Can be shown to depend on two parameters κ and γ

• κ is related to the thermal width and is similar to heavy quark diffusion
• γ is related to the mass shift
• Euclidean correlators similar, but with adjoint Wilson line (complicated on the lattice)

GE(τ) = −
1
3

3∑
i=1

〈Re Tr [gEi(τ, 0)Φ(τ, 0)gEi(0, 0)]〉 , κ = lim
ω→0

2T
ω

ρ(ω) , γ = − 1
3Nc

∫ ∞

0

dω
2π

ρ(ω)

ω

• γ for normal heavy quarks expected to be zero
• Also related: Diffusion of an adjoint static quark

G8.symm
EE · L8 ≡

1
3

3∑
i=1

〈ΦA
xa(NT, t)fabcEi,c(t)GA

bz(t, 0)fzxgEi,g(0)〉
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Heavy quark diffusion from lattice: Euclidean Correlator

− −

τ

• HQ current-current correlators hard on lattice:
Problem: Transport peak at zero

• HQET inspired Euclidean correlator is transport peak free

GE(τ) = −1
3

3∑
i=1

〈Re Tr [U(β, τ)gEi(τ, 0)U(τ, 0)gEi(0, 0)]〉
〈Re Tr [U(β, 0)]〉 ,GB(τ) =

3∑
i=1

〈Re Tr [U(1/T, τ)Bi(τ, 0)U(τ, 0)Bi(0, 0)]〉
3 〈Re Tr U(1/T, 0)〉

• Field strength tensor components need discretization
• Corner discretization most common choice, other discretizations also possible
• On lattice there is a self-energy contribution that has to be renormalized
• For chromomagnetic fields there is also a finite anomalous dimension and

renormalization is required
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Gradient Flow

∂tBt,µ = −δSYM

δB
= Dt,µGt,µν ,

Gt,µν = ∂µBt,ν − ∂νBt,µ + [Bt,µ,Bt,ν ] .

B0,µ = Aµ ← the original gauge field

√
8t

• Diffusion equation along flow time τf

towards stationary point of the action

• Smoothes the gauge fields with radius
√

8τf

• Renormalizes gauge invariant observables
√

8τf > a

• Avoid oversmearing/overlap
√

8τf < τ/2

8 / 18See e.g. M. Lüscher JHEP 08 (2010)



Renormalization and spectral function: GE

• Normalize the data with perturbative LO result (also tree-level improve)
Gnorm

E,B = π2T4
[
cos2(πτT)

sin4(πτT)
+

1
3 sin2(πτT)

]
• On Lattice E has non-physical self-energy contribution

Removed by the flow. Previous studies used the 1-loop result:
ZE = 1 + g2

0 × 0.137718569 . . .+O(g4
0) (Christensen and Laine PLB02 (2016))

• Still need additional normalization, normalize to 1 at small τT
• 1-loop GF behavior of GE partially known A.M. Eller 2021, L. Altenkort et.al.2023

• Model the spectral function by connecting known IR and UV behavior with ansatz:

ρIR(ω) =
κω

2T

ρQCD,naive(ω) =
g2CFω

3

6π

{
1 +

g2

(4π)2

[
Nc

(
11
3

ln
µ2

4ω2 +
149
9

− 8π2

3

)]}
• Set scale such that NLO UV contribution vanishes
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Renormalization and spectral function: GB

• κB more complicated, requires renormalization

Gflow,UV
B (τ, τF) = (1 + γ0g2 ln(µ

√
8τF))

2ZflowGMS,UV
B (τ, µ) + h0 · (τF/τ) ,

• Normalize at finite flow time with Gflow

• Assuming h0 = 0 for simplicity. We see very little flow time dependence even with
this assumption.

• Zflow can be fit parameter, or literature result L. Altenkort et.al.2023

• Use same tree-level improvement as for E-correlator
• IR model the same:

ρIR(ω) =
κω

2T

• UV now depends on flow time

ρUV
B (ω, τF) = Zflow

g2(µ)ω3

6π
(1 + g2(µ)(β0 − γ0) ln(µ

2/(Aω2)) + g2(µ)γ0 ln(8τFµ
2)

• Again, set the scale such that the second term vanishes
10 / 18Banerjee et.al. JHEP08 (2022)



Inversion of the spectral function

• ρ(ω) known at IR and UV

• Connect IR and UV with i) step ii) line
• Simple step function ρstep

E,B (ω,T) =

ρIR
E,B(ω,T) θ(Λ− ω) + ρUV,T=0

E,B (ω,T) θ(ω − Λ)

• Physically motivated
ρ(ω) =

√
ρ2

IR + cρ2
UV Francis et.al.2015

• Interpolate with line 10−3 10−2 10−1 100 101 102

ω/T

100

101

102

103

2ρ
/(
ω

T
2
)

ρstep
B ,
√

8τF/τ = 0.25

ρstep
B ,
√

8τF/τ = 0.3

ρline
B ,
√

8τF/τ = 0.25

ρline
B ,
√

8τF/τ = 0.3

ρline
E,B(ω,T) = ρIR

E,B(ω,T)θ(ωIR − ω)+[
ρIR

E,B(ωIR,T)− ρUV
E,B(ωUV,T)

ωIR − ωUV

(
ω − ωIR

)
+ ρIR

E,B(ωIR,T)

]
× θ(ω − ωIR)θ(ωUV − ω) + ρUV

E,B(ω,T)θ(ω − ωUV) ,

• Either compare directly to data or do more advanced fit
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Raw (normalized∗, tree-level improved) lattice data
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• Normalize and improve the data with LO perturbation theory
• Thermal effects dominant in forming the shape

R2(Nt) =
GE(Nt, β)

Gnorm
E (Nt)

/
GE(2Nt, β)

Gnorm
E (2Nt)

.
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Limits
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Take limits in correct order:
1. Continuum limit to zero lattice spacing
2. Zero flow time limit
3. invert spectral function
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κE results
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• Results of different groups agree very well

• Error dominated by the systematics from the ρ(ω) inversion

• Matches well with NLO perturbation theory
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κE temperature dependence

• Can fit temperature dependence
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• Good agreement between the different approaches
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κE dependence on dynamical fermions
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• Most studies have been in pure gauge
• Recent results from HOTQCD (Altenkort et.al.2023)

• Main difference to pure gauge is different Tc
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κB Results
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• Good agreement between existing results, close to κE

• Minor temperature dependence in the current measured range

κtot ' κE +
2
3
〈v2〉κB

• Using 〈v2〉 from (Petreczky et.al. Eur. Phys. J. C62 (2009))

• 〈v2
charm〉 ' 0.51 and 〈v2

bottom〉 ' 0.3, we get that the mass suppressed effects on the
heavy quark diffusion coefficient is 34% and 20% for the charm and bottom quarks
respectively.
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Conclusions and Future prospects

• Transport coefficients can be measured on the lattice

• Advancements in recent algorithms such as gradient flow help with calculations

• Great agreement with results from different collaborations

• Future prospects and ongoing work:
• Adjoint κ being actively measured both with symmetric and asymmetric

formulations
• Measure γ
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Thank you for your attention!
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