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Typical DM—SM interaction

QMDM interaction
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Introduction: Heavy Ion Collisions
• Relativistic heavy ion collisions: study deconfined phase of nuclear matter, 

quark-gluon plasma (QGP):  MeV,  fm/c150 < T < 500 τ ∼ 10

• Heavy quarks produced from hard scatterings

b

b̄

1S• Differences from DM thermal freeze-out 
• Heavy quarks/quarkonia not in thermal equilibrium 
• Interested in nonequilibrium evolution for fixed time 
• Annihilation negligible, only dissociation/bound state 

formation



A.Bazavov, N.Brambilla, P.Petreczky, 
A.Vairo, J.H.Weber, 1804.10600

A.Mocsy, 0811.0337
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• Debye screening

Quarkonium as Probe of QGP

• More important: Radiative/scattering-induced dissociation and recombination

q, ε∗, a

k, nl pcm,prel, b k, nl pcm,prel, a

p1, s1, i p2, s2, j

q + more

See Johannes

Weber’s talk



Contents

6

• One framework + two limits + three examples


• Open quantum system framework


• Quantum Brownian motion and quantum optical limits


• Three temperature ranges


• Why to bother?


• Nonperturbative definition of transport coefficients/mediator 
distribution in plasma


• Relation between quantum and semiclassical evolutions, 
quantum correction, e.g., to Boltzmann equation



Open Quantum System

Subsystem & environment

⇢(t = 0) = ⇢S ⌦ ⇢E Unitary evolution

Time reversible
(Heavy quark pairs & QGP)

U(t, 0)(⇢S ⌦ ⇢E)U
†(t, 0)

Subsystem & environment

Trace out (integrate out) environment

⇢S(t = 0)

Subsystem
TrE

h
U(t, 0)(⇢S ⌦ ⇢E)U

†(t, 0)
iNon-unitary

Time irreversible

7

H = HS +HE +HI• Total system = subsystem + environment:

U(t, 0) = T e�i
R t
0 dt0HI(t

0)

XY, 2102.01736



Open Quantum System
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• A finite difference equation from weak coupling between subsystem/environment

H = HS +HE +HI

⇢S(t) = ⇢S(0)� i

h
tHS +

X

a,b

�ab(t)Lab, ⇢S(0)
i
+

X

a,b,c,d

�ab,cd(t)
⇣
Lab⇢S(0)L

†
cd �

1

2
{L†

cdLab, ⇢S(0)}
⌘

ρS ρS

ρS

HI =
X

↵

O(S)
↵ ⌦O(E)

↵

�ab,cd(t) ⌘
X

↵,�

Z t

0
dt1

Z t

0
dt2C↵�(t1, t2)ha|O(S)

� (t2)|bihc|O(S)
↵ (t1)|di⇤

C↵�(t1, t2) ⌘ TrE(O
(E)
↵ (t1)O

(E)
� (t2)⇢E)

Environment correlator XY, 2102.01736

<latexit sha1_base64="5QvTWbg4Xm/Rws3vNsa89Ao5SJQ=">AAACBnicbVC7SgNBFJ31GeMrainCYAhYhV3x1QhBGwuLCOYB2WW5O5lNhszOLjOzQtiksvFXbCwUsfUb7PwbJ49CEw8M93DOvcy9J0g4U9q2v62FxaXlldXcWn59Y3Nru7CzW1dxKgmtkZjHshmAopwJWtNMc9pMJIUo4LQR9K5HfuOBSsVica/7CfUi6AgWMgLaSH7h4NbPIBjiSzwAV4LocIpdPqnBwC8U7bI9Bp4nzpQU0RRVv/DltmOSRlRowkGplmMn2stAakY4HebdVNEESA86tGWogIgqLxufMcQlo7RxGEvzhMZj9fdEBpFS/chsW4pAd9WsNxL/81qpDi+8jIkk1VSQyUdhyrGO8SgT3GaSEs37hgCRzOyKSRckEG2Sy5sQnNmT50n9uOyclU/vToqVq2kcObSPDtERctA5qqAbVEU1RNAjekav6M16sl6sd+tj0rpgTWf20B9Ynz84UZhZ</latexit>

Lab = |aihb|
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⇢S(t) = ⇢S(0)� i

h
tHS +

X

a,b

�ab(t)Lab, ⇢S(0)
i
+

X

a,b,c,d

�ab,cd(t)
⇣
Lab⇢S(0)L

†
cd �

1

2
{L†

cdLab, ⇢S(0)}
⌘

ρS ρS

ρS

Correction to Hamiltonian

Cut diagram 
Imaginary HS

• Show dynamical semigroup: ρS(t) = 𝒰tρS(0) , 𝒰t+s = 𝒰t𝒰s

Finite difference equation —> well-defined differential equation (Lindblad)
XY, 2102.01736
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Physical Pictures of Two Limits

Q
Q

Resolving 
power of QGP

Resolving 
power of QGP

Q

Q

Transitions between levels Diffusion of heavy Q pair

Q

Q

Wavefunction decoherence

—> dissociation

1S

2S

unbound

• Quantum Brownian motion (high T)• Quantum optical limit (low T)

XY, 2102.01736
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Two Limits and Hierarchy of Time Scales

τR ≫ τE, τS ≫ τEτR ≫ τE, τR ≫ τS

• : environment correlation time,  for QGP at equilibrium


• : subsystem intrinsic time scale, , inverse of subsystem energy gap


• : subsystem relaxation time, depends on coupling strength between subsystem 
and environment


• : Markovian dynamics, environment correlation lost during subsystem 
evolution, often true in weak coupling limit

τE τE ∼
1
T

τS τS ∼
1

ΔES

τR

τR ≫ τE

• Quantum Brownian motion (high T)• Quantum optical limit (low T)

XY, 2102.01736
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Markovian and Coarse Graining
• Markovian limit: τR ≫ t ≫ τE

<latexit sha1_base64="oMQ4ebV/cs/H1W85pMk9Bj4oLPU="></latexit>Z t

0
dt1

Z t

0
dt2CE(t1 � t2) · · · ! t

Z 1

�1
dtCE(t) · · ·t ≫ τE :

τR ≫ t :
<latexit sha1_base64="8lQoxkIBaDppWEP25okbItRtfSw="></latexit>

⇢S(t) = ⇢S(0) + t�⇢S(0) !
d⇢S(t)

dt
= �⇢S(t)

• Optical limit   using  eigenbasis  energy conservation 
in dynamical process

τR ≫ τS → HS →

• Brownian motion limit    binding energy effect smallτS ≫ τE → T ≫ ΔES

Only zero frequency of environment correlator matters

<latexit sha1_base64="fbIf567+Bj/D2SeXSqHLM36niKM="></latexit>

d⇢S(t)

dt
= �i

⇥
H

e↵
S , ⇢S(t)

⇤
+
X

n

�
Ln⇢S(t)L

†
n � 1

2
{L†

nLn, ⇢S(t)}
�

XY, 2102.01736
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Example 1: M ≫ Mv ≫ Mv2 ≳ T
• pNRQCD and quantum optical limit

LpNRQCD =

Z
d
3
rTr

⇣
S
†
(i@0 �Hs)S + O

†
(iD0 �Ho)O + VA(O

†r · gES + h.c.) +
VB

2
O

†{r · gE,O}+ · · ·
⌘

Dipole interaction r ⇠ 1

Mv

 has no large log from  to  at one loopVA Mv T

When at rest in medium,  is weakrT ∼ v

Heavy quark pairs in color singlet (S) or octet (O)

Bound/unbound transition —> singlet/octet transition

• At leading (nontrivial) order in , sum  to all ordersv D0
<latexit sha1_base64="443o0nLF7mERrGpDWoYDZqGTmkk="></latexit>

O(R, r, t) ! W[(R,t),(R,t0)]
eO(R, r, t)
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From Open Quantum System to Boltzmann

⇢S(t) = ⇢S(0)� i

h
tHS +

X

a,b

�ab(t)Lab, ⇢S(0)
i
+

X

a,b,c,d

�ab,cd

⇣
Lab⇢S(0)L

†
cd �

1

2
{L†

cdLab, ⇢S}
⌘

• Octet energy spectrum is continuum —> Lindblad in optical limit not exists

• Cured by taking semiclassical limit: Wigner transform + gradient expansion

fnl(x,k, t) ⌘
Z

d3k0

(2⇡)3
eik

0·xhk +
k0

2
, nl, 1|⇢S(t)|k � k0

2
, nl, 1i

<latexit sha1_base64="HQKywEwGdSH2uovT17KtJQLSdfM="></latexit>

f (8)
QQ̄

(xcm,pcm,xrel,
p1rel + p2rel

2
, t) = f (8)

QQ̄
(xcm,pcm,x0,

p1rel + p2rel

2
, t)

+(xrel � x0) ·rx0f
(8)
QQ̄

(xcm,pcm,x0,
p1rel + p2rel

2
, t)

• Taking leading term in gradient expansion gives Boltzmann equation 

XY, 2102.01736

T.Mehen, XY, 1811.07027, 2009.02408
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From Open Quantum System to Boltzmann

Recombination Dissociation

⇢S(t) = ⇢S(0)� i

h
tHS +

X

a,b

�ab(t)Lab, ⇢S(0)
i
+

X

a,b,c,d

�ab,cd

⇣
Lab⇢S(0)L

†
cd �

1

2
{L†

cdLab, ⇢S}
⌘

@

@t
fnl(x,k, t) +

k

2M
·rxfnl(x,k, t) = C+

nl(x,k, t)� C�
nl(x,k, t)

• Boltzmann equation

C�
nl
(x,k, t) = g2

TF

Nc

X

i1,i2

Z
d3pcm
(2⇡)3

d3prel
(2⇡)3

d4q

(2⇡)4
(2⇡)4�3(k � pcm + q)�

⇣
Enl �

p2rel
M

� q0
⌘

⇥ h nl|ri1 | prel
ih prel

|ri2 | nli [g++
E

]>
i1i2

(q0, q)fnl(x,k, t)

C+
nl
(x,k, t) = g2

TF

Nc

X

i1,i2

Z
d3pcm
(2⇡)3

d3prel
(2⇡)3

d4q

(2⇡)4
(2⇡)4�3(k � pcm � q)�

⇣
Enl �

p2rel
M

+ q0
⌘

⇥ h nl|ri1 | prel
ih prel

|ri2 | nli [g��
E

]>
i2i1

(q0, q)fO(x,pcm, r = 0,prel, t)

<latexit sha1_base64="bWcWeLDC8GWG3amRC/Et59Zg+iM="></latexit>

T.Mehen, XY, 1811.07027, 2009.02408

<latexit sha1_base64="K6oq6s4R9Nw17SUBrtULNIw/GMM=">AAACH3icbVDLSgMxFM34rPVVdekmWIQKpcyIVpdFF7qsYB/QGUomzbShSWZIMmIZ5k/c+CtuXCgi7vo3pu0sbOuBkMM593LvPX7EqNK2PbZWVtfWNzZzW/ntnd29/cLBYVOFscSkgUMWyraPFGFUkIammpF2JAniPiMtf3g78VtPRCoaikc9iojHUV/QgGKkjdQtVF1FOXTvEOcIBt1EsLSUuH7IemrEzQef0zKcE4ZpWZ91C0W7Yk8Bl4mTkSLIUO8WftxeiGNOhMYMKdVx7Eh7CZKaYkbSvBsrEiE8RH3SMVQgTpSXTO9L4alRejAIpXlCw6n6tyNBXE22M5Uc6YFa9Cbif14n1sG1l1ARxZoIPBsUxAzqEE7Cgj0qCdZsZAjCkppdIR4gibA2keZNCM7iycukeV5xqpXLh4ti7SaLIweOwQkoAQdcgRq4B3XQABi8gDfwAT6tV+vd+rK+Z6UrVtZzBOZgjX8BE+KjAg==</latexit>

⇠ �fnl(x,k, t)

Factorization-like formulas

Correction to Hamiltonian
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Generalized Gluon Distribution

 invariant statePT
KMS relation

t

R

Ei1(R1, t1)

Ei2(R2, t2)

(R1,+1) (R2,+1)
t

R
Ei1(R1, t1)

Ei2(R2, t2)

<latexit sha1_base64="irwUN7t83KHEAkGWzL/4HRgq1vw=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBahgpakFPVY9OKxiv2ANpbNdtMu3WzC7kQJof/DiwdFvPpfvPlv3LY5aPXBwOO9GWbmeZHgGmz7y8otLa+sruXXCxubW9s7xd29lg5jRVmThiJUHY9oJrhkTeAgWCdSjASeYG1vfDX12w9MaR7KO0gi5gZkKLnPKQEj3Zdv+9UTfNrj0ofkuF8s2RV7BvyXOBkpoQyNfvGzNwhpHDAJVBCtu44dgZsSBZwKNin0Ys0iQsdkyLqGShIw7aazqyf4yCgD7IfKlAQ8U39OpCTQOgk80xkQGOlFbyr+53Vj8C/clMsoBibpfJEfCwwhnkaAB1wxCiIxhFDFza2YjogiFExQBROCs/jyX9KqVpyzSu2mVqpfZnHk0QE6RGXkoHNUR9eogZqIIoWe0At6tR6tZ+vNep+35qxsZh/9gvXxDYlrkUI=</latexit>

(R2,�1)
<latexit sha1_base64="6mLHzj1iTFn22mhqIdk8ZAgyNzc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgpZEinosevFYxX5AG8tmu2mXbjZhd6OE0P/hxYMiXv0v3vw3btsctPXBwOO9GWbmeRFnStv2t5VbWl5ZXcuvFzY2t7Z3irt7TRXGktAGCXko2x5WlDNBG5ppTtuRpDjwOG15o+uJ33qkUrFQ3Oskom6AB4L5jGBtpIfyXc85QaddJnydHPeKJbtiT4EWiZOREmSo94pf3X5I4oAKTThWquPYkXZTLDUjnI4L3VjRCJMRHtCOoQIHVLnp9OoxOjJKH/mhNCU0mqq/J1IcKJUEnukMsB6qeW8i/ud1Yu1fuikTUaypILNFfsyRDtEkAtRnkhLNE0MwkczcisgQS0y0CapgQnDmX14kzbOKc16p3lZLtassjjwcwCGUwYELqMEN1KEBBCQ8wyu8WU/Wi/Vufcxac1Y2sw9/YH3+AIfdkUE=</latexit>

(R1,�1)
<latexit sha1_base64="V1Ict+vF5eYCXxpCruXBHt5DWu8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgBMKu+DoGRfAYwTwgWcPsZDYZMjuzzswKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DS0TRWidSC5VK8CaciZo3TDDaStWFEcBp81geD3xm09UaSbFvRnF1I9wX7CQEWys1Op3bx7ScnncLZbcijsFWiReRkqQodYtfnV6kiQRFYZwrHXbc2Pjp1gZRjgdFzqJpjEmQ9ynbUsFjqj20+m9Y3RklR4KpbIlDJqqvydSHGk9igLbGWEz0PPeRPzPaycmvPRTJuLEUEFmi8KEIyPR5HnUY4oSw0eWYKKYvRWRAVaYGBtRwYbgzb+8SBonFe+8cnZ3WqpeZXHk4QAO4Rg8uIAq3EIN6kCAwzO8wpvz6Lw4787HrDXnZDP78AfO5w9ddI+L</latexit>

g++
E final state interaction


in dissociation
initial state interaction

in bound state formation

<latexit sha1_base64="YvZhkFko2SqiD+WdjcfZaCctwl0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgJWFXfB2DIniMYB6QrGF2MpsMmZ1ZZ2aFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7gpgzbVz328ktLa+sruXXCxubW9s7xd29hpaJIrROJJeqFWBNORO0bpjhtBUriqOA02YwvJ74zSeqNJPi3oxi6ke4L1jICDZWavW7Nw9puTzuFktuxZ0CLRIvIyXIUOsWvzo9SZKICkM41rrtubHxU6wMI5yOC51E0xiTIe7TtqUCR1T76fTeMTqySg+FUtkSBk3V3xMpjrQeRYHtjLAZ6HlvIv7ntRMTXvopE3FiqCCzRWHCkZFo8jzqMUWJ4SNLMFHM3orIACtMjI2oYEPw5l9eJI2TindeObs7LVWvsjjycACHcAweXEAVbqEGdSDA4Rle4c15dF6cd+dj1ppzspl9+APn8wdjio+P</latexit>

g��
E

• Perturbative calculations of GGD

LO reproduces Peskin-Bhanot (octet resum)

NLO reproduces scattering-off 

• Nonperturbative calculations of GGD

Lattice QCD, holography See talks by Viljami Leino, Bruno Scheihing Hitschfeld

T.Binder, K.Mukaida, B.Hitschfeld, XY, 2107.03945

2205.04477, 2306.13127, 2304.03298, 2310.09325

Inclusive
Ei(t,R)

Ei(0,R)

QGP

IR safe
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Calculations and Implications
• Holographic result for super Yang-Mills: GGDs vanish in relevant domains

No quarkonia dissociation/recombination at low temperature?

Non-Markovian description for quarkonium production
<latexit sha1_base64="8AWBwfxqml40/cfnOQEGz+/i2yY="></latexit>

hnl| ⇢QQ̄(⌧f ) |nli =
Z ⌧f

⌧i

d⌧1

Z ⌧f

⌧i

d⌧2 [g
��
adj ]

>(⌧2, ⌧1) hnl|U singlet
[⌧f ,⌧1]

riU
octet
[⌧1,⌧i]

| 0i
�
hnl|U singlet

[⌧f ,⌧2]
riU

octet
[⌧2,⌧i]

| 0i
�†

• Lattice QCD for GGD

Want finite frequency!
<latexit sha1_base64="SebcwIMIP0xv7gXNKogFcn/BFB4=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWbE17IogssK9gGdYcikmWlokhmSjFCnxV9x40IRt/6HO//GtJ2Fth4IHM45l3tzwpRRpR3n21pYXFpeWS2tldc3Nre27Z3dpkoyiUkDJyyR7RApwqggDU01I+1UEsRDRlph/3rstx6IVDQR93qQEp+jWNCIYqSNFNj7XsJJjKAXaxPicHgThMPArjhVZwI4T9yCVECBemB/ed0EZ5wIjRlSquM6qfZzJDXFjIzKXqZIinAfxaRjqECcKD+fXD+CR0bpwiiR5gkNJ+rviRxxpQY8NEmOdE/NemPxP6+T6ejSz6lIM00Eni6KMgZ1AsdVwC6VBGs2MARhSc2tEPeQRFibwsqmBHf2y/OkeVJ1z6tnd6eV2lVRRwkcgENwDFxwAWrgFtRBA2DwCJ7BK3iznqwX6936mEYXrGJmD/yB9fkDMNGVEg==</latexit>

! & |Eb|

Requires more involved spectral 
reconstruction?

2312.12307
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Quantum Correction to Boltzmann Equation
@

@t
fnl(x,k, t) +

k

2M
·rxfnl(x,k, t) = C+

nl(x,k, t)� C�
nl(x,k, t)

• Taking NLO term in gradient expansion gives quantum correction to  C+
nl

<latexit sha1_base64="dPjTqWAt0KkmGK/6w/lqinYwOek="></latexit>

Q+
nl(xcm,k, t) =

X

i1,i2

Z
d3pcm
(2⇡)3

d3prel
(2⇡)3

d4q

(2⇡)4
(2⇡)4�3(k � pcm � q)�(Enl � Ep � q0)dnli1i2(prel)g

E��
i2i1

(q0, q)

⇥
�irprel

h nl|ri1 | prel
i

2h nl|ri1 | prel
i +

irprel
h prel

|ri2 | nli
2h prel

|ri2 | nli

�
·

rx0f

(8)
QQ̄

⇣
xcm,pcm,x0, prel, t

⌘�

x0=0

Quantum correction proportional to 
spatial gradient of 2-particle distribution

DM thermal relic scenario: assume homogeneity —> no such quantum correction

Bottomonium production in heavy ion collision —> gradient can be large

T.Mehen, XY, 2009.02408



Coupled Transport Equations of Heavy Flavors
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: HQ scattering  : recombination  : dissociationCQQ̄ + −
XY, W.Ke, Y.Xu, S.A.Bass, B.Müller, 2004.06746

<latexit sha1_base64="cdarSnKgZpRLVVvLZI9jxGQOaF8="></latexit>

(
@

@t
+ ẋQ ·rxQ + ẋQ̄ ·rxQ̄

)fQQ̄(xQ,pQ,xQ̄,pQ̄, t) = CQQ̄ � C+
QQ̄

+ C�
QQ̄

(
@

@t
+ ẋ ·rx)fnl(x,p, t) = C+

nl � C�
nl

0 5 10 15 20 25

t (fm/c)

10°5

10°4

10°3

N
b,

h
id

d
en

/N
b,

to
t

simulation w/ HQ energy loss

non-relativistic equilibrium

relativistic equilibrium

Chemical equilibrium

XY, B.Müller, 1709.03529

Phenomenology
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Example 2: M ≫ Mv ≫ T ≫ Mv2

• pNRQCD and quantum Brownian motion

N.Brambilla, M.A.Escobedo, M.Strickland, 

A.Vairo, P.V.Griend, J.H.Weber, 2012.01240, 2205.10289

<latexit sha1_base64="NJ/WLry23SHbj6PXpeVh0IccpBs="></latexit>

HS =
p2
rel

M
� CF↵s

r
|sihs|+ ↵s

2Ncr
|aiha|

HI = ri

✓r
TF

Nc

�
|siha|+ |aihs|

�
+

1

2
d
abc|bihc|

◆
g eEa

i (R = 0)

• Lindblad equation
<latexit sha1_base64="R1cH9eBJXOdiKliP3GrMMlh/xas=">AAAC2nicbVJLj9MwEHbCaymvAkcuIyqkrtitkhWvC9IKOOxhD4tKtyvVJZo4TmJqJ5HtIFVRLhxAiCu/jBs/g3+A+xC0uzuSpU/fN9/MeOy4ksLYIPjt+VeuXrt+Y+dm59btO3fvde8/ODVlrRkfsVKW+ixGw6Uo+MgKK/lZpTmqWPJxPHu70MefuTaiLD7YecWnCrNCpIKhdVTU/UNTjaxpqFaQtEB1XkbDvt1t/1G2hdcA+4LGIpvAUTSEp0AzVAqjZQomn5zvHZcWIY+Ge3TvfxVYmKbgHEBnWFVbFif14dgxKKscQWx0h+OPNMEs43pT3ofVsGHbHLS0gUuzNgtuzUJXLXejbi8YBMuAiyBcgx5Zx 0nU/UWTktWKF5ZJNGYSBpWdNqitYJK3HVobXiGbYcYnDhaouJk2y6dp4YljEkhL7U5hYcluOhpUxsxV7DIV2tyc1xbkZdqktumraSOKqra8YKtGaS3BlrB4Z0iE5szKuQPItHCzAsvRrc+639BxSwjPX/kiOD0YhC8Gz98/6x2+Wa9jhzwij0mfhOQlOSRH5ISMCPPGXut99b751P/if/d/rFJ9b+15SLbC//kXQF3gAA==</latexit>

d⇢S(t)

dt
= �i

⇥
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• Transport coefficients
<latexit sha1_base64="M7koCMcgDy0CtCnzJ1NE1J6OHwg="></latexit>

adj + i�adj ⌘
g2TF

3Nc

Z
dt
⌦
T Ea

i (t)W
ab(t, 0)Eb

i (0)
↵
T

<latexit sha1_base64="RIb4awN5p8LjVGCMmDgK/eTmksg=">AAACEnicbVDLSgNBEJyNrxhfUY9eBoOgBMKu+LpEgiJ4jGASIbsuvZNJMmZmd5mZFcKSb/Dir3jxoIhXT978GyePg0YLGoqqbrq7gpgzpW37y8rMzM7NL2QXc0vLK6tr+fWNuooSSWiNRDySNwEoyllIa5ppTm9iSUEEnDaC3vnQb9xTqVgUXut+TD0BnZC1GQFtJD+/5/YgjsFPXSkwtO4GuIybHf/iNi0WB97t6a4bCdqBsr3n5wt2yR4B/yXOhBTQBFU//+m2IpIIGmrCQammY8faS0FqRjgd5NxE0RhIDzq0aWgIgiovHb00wDtGaeF2JE2FGo/UnxMpCKX6IjCdAnRXTXtD8T+vmej2iZeyME40Dcl4UTvhWEd4mA9uMUmJ5n1DgEhmbsWkCxKINinmTAjO9Mt/SX2/5ByVDq8OCpWzSRxZtIW20S5y0DGqoEtURTVE0AN6Qi/o1Xq0nq03633cmrEmM5voF6yPb8eWnEQ=</latexit>

adj = [g++
E ]>(! = 0)

See talks by Miguel Escobedo, Peter Vander Griend

See talks by Viljami Leino, Bruno Scheihing Hitschfeld



Example 3: M ≫ T ≳ Mv ≫ Mv2

• NRQCD and quantum Brownian motion
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Dissipation effect, important for thermalization, ρ(t = ∞) ∝ e−βHS + O((βHS)2)
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Zero frequency of environment correlator

T.Miura, Y.Akamatsu, M.Asakawa, A.Rothkopf, 1908.06293

• Lindblad equation

S.Delorme, R.Katz, T.Gousset, PB. Gossiaux, J-P. Blaizot, 2402.04488

 in semiclassical limit (Brownian motion)κfund
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Methods of Solving Lindblad Equations
• Density matrix evolution cost v.s. wavefunction evolution cost

Master equation unraveling: Lindblad equation  stochastic Schrödinger equation→

T.Miura, Y.Akamatsu, M.Asakawa, A.Rothkopf, 1908.06293

N.Brambilla, M.A.Escobedo, M.Strickland, 

A.Vairo, P.V.Griend, J.H.Weber, 2012.01240, 2205.10289

• Neutral density operator and machine learning

• Quantum computing

See Joshua Lin’s talk

W.de Jong, K.Lee, J.Mulligan, M.Ploskon, 
F.Ringer, XY, 2106.08394, 2308.03878



• Open quantum system framework + NREFT


• Quantum optical limit —> semiclassical gradient expansion, 
Boltzmann equation with GGD


• Quantum Brownian motion limit —> Lindblad equation with 
transport coefficients nonperturbatively defined, Langevin 
equation (semiclassical)


• Quantum correction to semiclassical equation, non-Markovian

Conclusion
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