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Heavy quarkonium in heavy-ion collisions

Heavy quarkonium is a bound state of heavy quarks, whose mass is
larger than ΛQCD .

Heavy quarks can only be created at the beginning of the collision. It
is a hard process.

However, the existence of a medium changes the probability that a
bound state is formed and its lifetime.

Measuring RAA, the ratio of quarkonium states measured in heavy-ion
collisions divided by the naive extrapolation of pp data, we can
extract information about the medium.
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The mechanisms of dissociation
Screening

Chromoelectric fields are
screened at large distances due
to the presence of a medium.

The original idea of Matsui and
Satz (1986). Dissociation of
heavy quarkonium in heavy-ion
collisions due to color screening
signals the creation of a
quark-gluon plasma.

V (r) = −αs
e−mD r

r

At finite temperature

Debye radius
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The mechanisms of dissociation
Inelastic scattering with partons in the medium

A singlet can decay into an
octet. Interaction with the
medium changes the color state.

Dissociation without screening.

This is the mechanism behind
the imaginary part of the
potential (Laine et al. (2007)).
Related to singlet to octet
transitions (Brambilla et al.
(2008)).

HQ
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Recombination

HQ

Two heavy quarks coming from different origin may recombine to form a
new quarkonium state.
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Considering the three mechanisms

We need a formalism in which we can include the three mechanisms
consistently.

When studying screening, we need to know if for a given potential a
bound state solution exists. We need quantum mechanics to describe
this.

In some cases, decays and recombination can be described with rate
or Boltzmann equation in the semi-classical approximation. However,
this is not always the case.

When thermal effects are important, we need to describe all three
effects taking into account quantum effects.
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Quarkonium as an Open quantum system

We consider a universe
consisting in heavy quarks
(system) in a medium of light
quarks and gluons
(environment). The density
matrix ρ(S ,E ) describes the
state of the universe. Its
evolution is unitary.

We define a reduced density
matrix integrating out the
environment degrees of freedom
ρS(S) = TrE (ρ(S ,E )). We
study the evolution of ρS that,
in general, is not unitary.

Environment

HQ
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The master equation

We call master equation the equation that describes the evolution of the
reduced density matrix.

dρ

dt
= −i [H, ρ(t)] + F(t, ρ(t))

We can recover the Schrödinger equation and the Boltzmann
equation as limits of the master equation in specific regimes.

We need to derive the master equation from QCD. This has been
done in:

▶ Perturbation theory. Akamatsu (2015,2020), Blaizot and Escobedo
(2017,2018).

▶ Potential non-relativistic QCD (pNRQCD) in the 1
r ≫ T regime.

Brambilla et al. (2016,2017).
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The Lindblad equation

Any master equation that is:

Markovian

Preserves the properties that a density matrix must fulfil (Hermitian,
positive semi-definite, trace is conserve).

Can be written as a Lindblad (or GKSL) equation (Lindblad (1976),
Gorini, Kossakowski and Sudarshan (1976)).

dρ

dt
= −i [H, ρ] +

∑
n

(
CnρC

†
n − 1

2
{C †

nCn, ρ}
)

In the case of quarkonium, the Markovian limit corresponds to the case in
which the energy of the particles in the environment is larger than the
binding energy.
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From QCD to phenomenology

Derive the master equation from QCD or another fundamental theory.

▶ Perturbation theory.
▶ EFTs.

Once we have the master equation, it is not trivial to get
phenomenological results due to the high computational cost

▶ Connect the master equation with a semi-classical equation
(Boltzmann, Langevin). Rigorous procedure to understand under which
approximation a given semi-classical approach is valid.

▶ Direct computation of the master equation. There are useful Monte
Carlo methods.
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Non-relativistic Effective Field Theory approach

Integrating out the scale m can be useful both to study heavy quark
diffusion and quarkonium suppression.

This step can always be done perturbatively and is not affected by the
presence of the medium. m ≫ ΛQCD ,T .

Classification of gluons

Hard gluons, with energy and momentum of order m.

Soft gluons, with energy and momentum of order mv .

Potential gluons, with energy of order mv2 and momentum of order
mv .

Ultrasoft gluons, with energy and momentum of order mv2.
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NRQCD
Caswell and Lepage (1986), Bodwin, Braaten and Lepage (1994)

LNRQCD = Lg + Lq + Lψ + Lχ + Lψχ

Lg = −1

4
F a
µνF

µνa +
d2
m2

Q

F a
µνD

2Fµνa + d3
g

1

m2
Q

gfabcF
a
µνF

µb
α F ναc

Lψ = ψ†
(
iD0 + c2

D2

2mQ
+ c4

D4

8m3
Q
+ cFg

σB
2mQ

+ cDg
DE−ED
8m2

Q

+icSg
σ(D×E−E×D)

8m2
Q

)
ψ

Lχ = c .c of Lψ

Lψχ = f1(1S0)
m2

Q
ψ†χχ†ψ + f1(3S1)

m2
Q
ψ†σχχ†σψ + f8(1S0)

m2
Q
ψ†T aχχ†T aψ

+ f8(3S1)
m2

Q
ψ†T aσχχ†T aσψ
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potential NRQCD Lagrangian at T=0
Brambilla, Pineda, Soto and Vairo, NPB566 (2000) 275

Starting from NRQCD and integrating out the scale 1
r .

LpNRQCD =
∫
d3rTr

[
S† (i∂0 − hs)S

+O† (iD0 − ho)O
]
+ VA(r)Tr(O

†rgES + S†rgEO)

+VB(r)
2 Tr(O†rgEO + O†OrgE) + Lg + Lq

Degrees of freedom are singlet and octets.

Allows to obtain manifestly gauge-invariant results. Simplifies the
connection with Lattice QCD.

If 1/r ≫ T we can use this Lagrangian as starting point. In other
cases the matching between NRQCD and pNRQCD will be modified.
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The 1
r ≫ T ,mD ≫ E regime

Brambilla, M.A.E., Soto and Vairo (2017-2018)

Because all the thermal scales are smaller than 1
r but bigger than E the

evolution equation is of the Lindblad form. 1

∂tρ = −i [H(γ), ρ] +
∑
k

(Ck(κ)ρC
†
k (κ)−

1

2
{C †

k (κ)Ck(κ), ρ})

κ =
g2

6Nc
Re

∫ +∞

−∞
ds ⟨TE a,i (s, 0)E a,i (0, 0)⟩

γ =
g2

6Nc
Im

∫ +∞

−∞
ds ⟨TE a,i (s, 0)E a,i (0, 0)⟩

1We use a redefined field E(t, x) such that we do not need to write explicitly the
Wilson lines.
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κadj vs κfund

The parameter κ appearing in the master equation of quarkonium is
similar to the heavy quark diffusion coefficient but not equal.

Picture taken from Scheihing-Hitschfeld and Yao (2022)
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κadj vs κfund
See Eller, Ghiglieri and Moore (2019)

κfund

Relevant for heavy quark
diffusion
Combines chronologically
ordered and
antichronologically ordered
fields.
Has been directly computed
on the lattice. Related to the
Polyakov loop.

κadj

Relevant for quarkonium
evolution
Time-ordered adjoin Wilson
line
Not direct lattice
computation available.
However, we can infer its
value from decay width
measurements on the lattice.

Similarities

Both coincide in the classical limit.
No difference in perturbation theory at the order of available
computations.
At the moment, lattice QCD determinations of both are compatible.
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κfund

Relevant for heavy quark
diffusion
Combines chronologically
ordered and
antichronologically ordered
fields.
Has been directly computed
on the lattice. Related to the
Polyakov loop.

κadj

Relevant for quarkonium
evolution
Time-ordered adjoin Wilson
line
Not direct lattice
computation available.
However, we can infer its
value from decay width
measurements on the lattice.

Differences

In N = 4 SYM κadj = 0 while κfund is not. (Nijs, Scheihing-Hischfeld and
Yao (2013))
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Problems of the Lindblad equation

Computational cost. Since the state of the system is represented by a
density matrix, if we use a lattice with the double of points, the cost
is multiplied by four.

Black box. From the Lindblad equation it is difficult to get a physical
picture of what is the leading effect.

Solution. Use the Quantum Trajectories method (Dalibard, Castin
and Molmer, 1992). Monte Carlo technique to solve the Lindblad
equation using wave functions instead of the density matrix.
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The Monte-Carlo Wave Function method

Take the Lindblad equation

∂tρ = −i [H(γ), ρ] +
∑
k

(Ck(κ)ρC
†
k (κ)−

1

2
{C †

k (κ)Ck(κ), ρ})

Let us define
Γn = C †

nCn Γ =
∑
n

Γn

and

Heff = H − i
Γ

2

ρ(t) =
∑

n pn|Ψn(t)⟩⟨Ψn(t)|. If we know how to evolve the case
ρ(t) = |Ψ(t)⟩⟨Ψ(t)|, it is straightforward to generalize.
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The Monte-Carlo Wave Function method
The algorithm to evolve from t to t + dt

With probability 1− ⟨Ψ(t)|Γ|Ψ(t)⟩dt.
▶ Evolve the wave-function with (1− iHeff dt)|Ψ(t)⟩. In our case, this

implies solving a 1D Schrödinger equation because Heff does not mix
states with different color or angular momentum.

With probability ⟨Ψ(t)|Γn|Ψ(t)⟩dt.
▶ Take a quantum jump, |Ψ(t)⟩ → Cn|Ψ(t)⟩.
▶ Only here transitions between different color and angular momentum

are allowed.

Normalize the resulting wave-function.

The average of this stochastic evolution of the wave-function is equivalent
to the Lindblad equation for the density matrix.
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How does the quantum trajectory method encode each
effect?

Screening. Through the Hermitian part of the Hamiltonian. If there
are no bound states the heavy quark and antiquark will separate.

Decay width. Through the Non-hermitian part of the Hamiltonian.
Possibility to take a quantum jump to an unbound state.

Recombination. Through jump operator. Finite probability to jump
back to a bound state.
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What is the difference between MCWF method and
Boltzmann-like equations?

In a Boltzmann equation each quarkonium state would have a given
decay width.

ΓΥ(1S)(t)

In the MCWF the decay width depends on the wave-function at that
specific time.

ΓΨ(t)(t)

In a more general master equation (non-Markovian) the decay width
would depend on the whole history of the wave-function.
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E/T corrections

We can efficiently simulate quantum features in the T ≫ E limit
(Brambilla et al. (2021)).

In the T ∼ E we had a non-Makrovian evolution. Approximations
that make it markovian either:

▶ Ignore quantum features (Boltzmann-like).
▶ Have negative probabilities (Caldeira-Legget eq.).

Computing E/T corrections. An equation that we can solve keeping
quantum features and that might get closer to thermalization.

In QED, the Lindblad equation with E/T is well approximated by a
Langevin equation, which leads to the classical equilibrium
distribution if it exists.
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Nantes approach

Picture taken from Delorme’s
QM2022 proceedings

Equations adapted to 1D case.

Confirms that evolution
naturally leads to a state in
which the density matrix is
almost diagonal in coordinate
space. The regime in which
Langevin-like equations are
valid.

However, we also see that a
surviving non-diagonal structure
around r = 0.
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Osaka approach
Miura, Akamatsu, Asakawa and Kaida, 2022

1D approximation valid in the
regime rmD ∼ 1. Focus on
thermalization.

They observe that the steady
state is close to a Boltzmann
distribution. Note that
τeq ∼ 236/M, for bottomonium
τeq ∼ 10 fm. Lifetime of the
fireball is of order τeq but
thermalization observed around
15τeq.

Their full result and the dipole
approximation coincide at early
times.
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E/T corrections in pNRQCD
Brambilla et al, 2023

Valid in the regime in which the
medium sees quarkonium as a
small color dipole.

Allows to use non-perturbative
input from lattice QCD in the
form of transport coefficients κ
and γ.

Focus on RAA. Thermalization
has not been studied yet.

The E/T expansion seems to
converge for T above 190MeV.

Correlated recombination
needed to reproduce excited
states data.
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E/T corrections in pNRQCD
Brambilla et al, 2023

Fit with recombination

Fit without recombination
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Conclusions

Quarkonium suppression is a good probe of the medium created in
heavy-ion collisions.

We need to use a quantum mechanical description if medium effects
are not a perturbation. Master equation.

Lindblad equations (Markovian master equations) can be efficiently
simulated using the quantum trajectories approach.

Recent studies of thermalization and phenomenological consequences
when E/T corrections are included.
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