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2Heavy Quarkonia in the QGP

1. Initial heavy-ion Collision 2. Heavy quarks produced
in a QGP fireball

3. The heavy quarks are 
carried along with the QGP

4. Fireball cools and quarks
hadronize. 

PROBLEM: How to simulate quantum systems when dimension of 
Hilbert Space is very large?

GOAL: Numerically study the heavy quark dynamics in the thermal 
QGP medium from first principles (as much as possible)
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3Simulation approaches being studied
Quantum Computing

Tensor Networks Neural Networks

Master Equation Unravelling

Variational Methods

… and others

State of the art is O(100) noisy qubits of 
Hamiltonian dynamics of the Schwinger 
Model [R.C. Farrell et al. arxiv/2401.08044]

Simulates Open Quantum Systems by 
simultaneous streams of hamiltonian dynamics 
[N. Brambilla et al. arxiv/
2012.01240,2107.06222,2302.11826,],…

When will we have fully error-corrected qubits? Cuts the dimension by a square-root

Control over systematics errors? Scaling of cost with system size?

“Representation Power”“Interpretability”

(post) Hartree-Fock

ψ(x1, x2, …, xN) =
1

N!

ϕ1(x1)ϕ2(x1) ⋯ ϕN(x1)
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https://arxiv.org/abs/2107.06222
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4Neural Network Quantum States

[G. Carleo, M. Troyer, 1606.02318]
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hi∈{0,1}

exp ∑
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j

[G. Torlai, R. G. Melko: 1801.09684]
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Restricted-Boltzmann-Machine 
 parametrisation of Pure States

Neural-Density-Operator 
 parametrisation of Mixed States
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5Time-Dependent Variational Monte-Carlo
Want to solve  by varying parameters   ∂t ⃗ρ = L ⃗ρ αk

Review: [G. Torlai, R. G. Melko: 1801.09684]

How density matrix 
varies as parameters 

are varied

‘Quantum geometric tensor’ Forces

Space of Density Matrices

Variational
Manifold

Sij = Z∑
a

∥ρa∥2

Z
2Re ((𝒪†

i )aa(𝒪j)aa), fi = Z∑
a

∥ρa∥2

Z
2Re ((𝒪†

i )aa ∑
b

ℒabρb

ρa )

 can be estimated using Monte-Carlo Markov Chains sampling 
from the basis elements of the doubled Hilbert Space
S, f
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6Schwinger Model as an Open Quantum System

Lρ(t) :=
dρ(t)

dt
= − i[H, ρ(t)] + a2 ∑

i,j

Dij ( Õ iρ(t) Õ †
j −

1
2 { Õ †

j Õ i, ρ(t)})
Õ i ≡ Oi −

1
4T [H, Oi], Õ †

i ≡ Oi +
1

4T [H, Oi]

ℒ = −
1
4

FμνFμν + ψ(i∂μ − eAμ − m)ψ + gϕψψ + ℒϕ
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[K. Lee, J. Mulligan, F. Ringer, X. Yao: 2308.03878]

L = 10 ⟹ dim = (210)2 ∼ 106

L = 20 ⟹ dim = (220)2 ∼ 1012
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Schwinger Model is a QCD-like theory in 1+1d dimensions that is used as a 
testbed for numerical methods

Environmental d.o.f. 
that are integrated out (“QGP”)

-charged fermion (“quark”)U(1)

Performing this procedure, a lattice-Lindblad equation is derived:
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7Electric Field Comparisons on L = 10

(2210 parameters, parametrising a 63504 dimensional space)
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(a) : NDO-tVMC Electric Field
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Neural Networks reproduce exact simulations on small system sizes!



March 2024 
Joshua Lin joshlin@mit.edu

8Systematic Errors
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Systematic Errors introduced by Neural 
Network Ansatz are under control

Larger 
networks

Larger netw
orks
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9Real-time simulations on L = 20

String breaking due to  
formation of e+e- pair

String-String interactions Long string dynamics

(9280 real parameters, parametrising a  dimensional space)3 ⋅ 1010
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10Real-time dynamics overview
First demonstration that systematic errors are under control for Open 
Quantum System evolution using Neural Networks in a lattice gauge theory

Extension of methods to multiple heavy quarkonia pairs interacting in 3+1D 
NRQCD in the Open Quantum System framework underway. 

Gauge fields traced out in Lindbladian formulationGauge fields can be integrated out
1+1d Schwinger Model 3+1d NRQCD

Separate particle / antiparticle number 
conservation

No separate particle / antiparticle number 
conservation (Pair creation,…)

Jordan Wigner transformation is  straightforward Jordan-Wigner is more involved
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11Steady State dynamics
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In the long-time limit, Lindbladian dynamics drives the state towards the 
thermal state.

ML chiral condensate Exact Chiral condensate

Good agreement on L=4 (small system sizes!)
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12Transfer learning to larger lattice sizes
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