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Motivation: Relevant Temperatures

Freeze-In

Tf.i ∼
M
2 − M

5

Freeze-Out

Tf.o ∼ M
25 − M

30

→ Finite Temperature Corrections relevant for Freeze-In
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What do we do?
→ Calculate the DM production rate in the real time formalism of thermal QFT

→ Compare out results to:

• Thermal QFT calculations in Hard Thermal Loop approximation

• Boltzmann approach employing scattering rates regulated with thermal
masses

Models: s (scalar DM), F (gauge charged Parent), f (SM Fermion)

Lint = yDM f̄SM F s + h.c.

Relevant Parameters

G =
∑

i

C2(Ri)g2
i (mF) , δ =

mF

mDM − 1
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Closed Time Path (CTP/Keldyish-Schwinger/real time) formalism

Construct 2 particle irreducible
(2PI) effective action Γ

Compute observables
on the closed time path

Kadanoff-Baym equations

Boltzmann-like evolution equation

Find E.o.M. δΓ
δ∆

= δΓ
δS = 0

Kadanoff-Baym Ansatz

for details see [Garbrecht(2018)],[Berges(2004)],[Prokopec et. al(2003)]
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DM Time Evolution

ṅDM + 3HnDM = γDM ∼
∫

d3pΠA
DM

EDM
fDM (EDM)

Spectral Self-Energy ΠA
DM = −ImΠR

DM =

f

F

DM DM

DM Self-Energy

ΠA
DM (P) ∼

∫
dK SA

F (K) SA
f (K − P) + higher order contributions
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Level of approximation depends on

• Loop order at which ΠA
DM is evaluated

→ LO (this work), NLO, ..

• Which propagators are used to derive ΠA
DM

→ Tree Level, perturbative 1-Loop, HTL approximated resummed, complete
1PI-resummed (this work)
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Resummed Propagators

....

→ scattering contributions also arise at leading order of the effective action
expansion
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Spectral Propagator
Free Propagator

/SA
(k) ∼ δ

(
k2

)
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Spectral Propagator

Thermal Mass

/SA
(k) ∼ δ

(
k2 − m2

th

)
, m2

th =
G
2 T2
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Spectral Propagator

HTL Resummed

/SA
(k) ∼ δ

(
k2 − ΣH(k)

)
+ /SA

cont.

The HTL approximation:
• assumes a large temperature limit

T � M
• is an expansion in G/π
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Spectral Propagator
1PI-Resummed

/SA
(k) ∼ (/k − /Σ

H
)

Γ(k)
Ω2(k) + Γ2(k) − /Σ

A
(k) Ω(k)

Ω2(k) + Γ2(k)
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Spectral Propagator

1 2 3 4 5

1

2

3

4

5

1

2

3

4

HTL approximation simplifies numerics but only reliable for k . gT!
Freeze-In occurs around T ∼ M → breakdown of HTL.

Method we use:
Full form of resummed propagator
[Rychkov, Strumia(2007)])
[Drewes, Kang (2013)])
[Hamaguchi, Moroi, Mukaida(2011)])

Alternative method:
Match at scale gT
[Biondini, Ghiglieri(2020)])
[Ghiglieri, Laine(2020)])
[Bolz, Brandenburg, Buchmüller(2001)])
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Results

We compare
• Complete 1PI-resummed results (our work)
• Hard Thermal Loop resummed results
• Boltzmann Equations with scatterings regulated by thermal masses
• Leading Order Vacuum results

in terms of two relevant parameters
• the effective gauge coupling G =

∑
i C2 (Ri) g2

i ∈ [0.4, 1.6]
• the mass splitting between the parent F and DM δ = 1−mDM/mF ∈ [0.1, 10]
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1PI-resummed Interacaction Rates from the CTP
Fit of the Interaction Rate

γDM

y2
DMT4 = Az3K1 (az)︸ ︷︷ ︸

Decays

+BzK1 (bz)︸ ︷︷ ︸
Scatterings

0.01 0.05 0.10 0.50 1 5

0.0005

0.0010

0.0015

0.0020

Ultra-relativistic limit

Bb−1 = 5 · 10−4G − 1.66 · 10−4G lnG

Non-relativistic limit

Aa−0.5 = 0.033 δ2(δ + 2)2

16π(1 + δ)4

Goal: Eventually provide all 4 parameters of this fit in terms of G and δ.
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Results: Vacuum Decays

-1 -7/9 -5/9 -1/3 -1/9 1/9 1/3 5/9 7/9 1

1.6

1.5

1.4

1.3

1.2

1.1

1.0

0.9

0.8

0.7

0.6

0.5

0.4 -65% -33% -7% 13% 15% 17% 17% 15% 12% 14%

-70% -41% -14% 4% 11% 16% 15% 16% 13% 13%

-73% -47% -19% 0% 12% 12% 12% 12% 11% 12%

-76% -52% -24% -5% 5% 8% 9% 11% 10% 9%

-78% -55% -27% -7% 4% 8% 9% 8% 9% 7%

-80% -58% -31% -10% 1% 5% 6% 7% 6% 6%

-81% -61% -34% -13% 0% 3% 4% 5% 5% 5%

-82% -63% -37% -16% -4% 1% 3% 4% 4% 4%

-83% -65% -39% -18% -5% 0% 2% 3% 3% 3%

-84% -66% -42% -19% -6% 0% 2% 3% 3% 3%

-85% -68% -43% -21% -8% -1% 1% 2% 2% 1%

-85% -69% -45% -23% -9% -2% 0% 1% 1% 1%

-86% -69% -47% -25% -10% -3% 0% 1% 1% 1%

→ Strongly underestimates ΩDM for
small mass splittings.

→ (Accidentally) correct for cer-
tain parameters.

→ Including thermal masses only
for decays worsens the result!
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Results: Thermal Masses for Decays and Scatterings

-1 -7/9 -5/9 -1/3 -1/9 1/9 1/3 5/9 7/9 1

1.6

1.5

1.4

1.3

1.2

1.1

1.0

0.9

0.8

0.7

0.6

0.5

0.4 -7% 8% 23% 37% 35% 34% 33% 30% 26% 28%

-9% 3% 19% 30% 34% 36% 33% 34% 29% 30%

-10% 0% 15% 28% 36% 33% 31% 31% 30% 31%

-11% -3% 12% 24% 31% 31% 31% 32% 30% 29%

-11% -5% 10% 24% 31% 33% 32% 31% 31% 29%

-11% -6% 8% 22% 29% 31% 31% 30% 29% 29%

-12% -8% 6% 20% 30% 30% 30% 30% 29% 29%

-11% -8% 4% 18% 27% 30% 30% 30% 30% 29%

-11% -9% 3% 17% 26% 30% 30% 30% 30% 30%

-9% -8% 2% 17% 26% 30% 31% 31% 31% 31%

-9% -8% 1% 15% 26% 30% 31% 31% 31% 29%

-9% -9% 0% 14% 25% 30% 32% 32% 31% 31%

-8% -6% -1% 13% 25% 31% 32% 32% 32% 32%

→ Underestimates ΩDM for small
mass splittings.

→ Overestimates ΩDM for large
mass splittings.

→ Including Fermi-Dirac/Bose-
Einstein statistics reduces deviation
in ∼ half.
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Results: Hard Thermal Loop Approximation

-1 -7/9 -5/9 -1/3 -1/9 1/9 1/3 5/9 7/9 1

1.6

1.5

1.4

1.3

1.2

1.1

1.0

0.9

0.8

0.7

0.6

0.5

0.4 19% 15% 8% 9% 5% 5% 6% 4% 1% 0%

20% 15% 9% 6% 6% 7% 5% 7% 3% 1%

21% 16% 10% 7% 9% 5% 4% 4% 3% 2%

22% 16% 11% 6% 5% 4% 3% 5% 3% 0%

21% 16% 12% 7% 6% 6% 4% 3% 4% 0%

22% 17% 12% 8% 6% 4% 3% 3% 3% 0%

22% 18% 12% 8% 7% 4% 3% 3% 3% 0%

23% 18% 13% 8% 6% 4% 3% 3% 3% 0%

23% 19% 14% 9% 6% 5% 4% 3% 3% 1%

26% 20% 14% 10% 7% 6% 5% 4% 4% 4%

26% 20% 14% 10% 8% 6% 5% 4% 4% 2%

26% 21% 14% 11% 8% 7% 6% 5% 4% 4%

27% 25% 15% 11% 9% 7% 6% 5% 5% 5%

→ Overestimates ΩDM for small mass
splittings.

→ Percent level accurate ΩDM
for large mass splittings.

→ Better results for smaller ef-
fective gauge couplings G.

Mathias Becker Quarkonia meet Dark Matter, March 2024 13/15



Possible/Necessary Extensions:

NLO contributions of the effective action
→ Known to be relevant for theories with no mass scales but T (LPM).
→ Two mass scale setup (mDM,mF) not explored, important for small δ.

Gauge Dependencies of the Effective Action:
→ Effective action gauge dependent if truncated at finite order.
→ Expected to be of the same order as NLO corrections.

More Complicated Coupling Structure:
→ Did not consider quartic or Yukawa interactions.
→ Breaks degeneracy of the thermal masses of fermions f and F.
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Conclusions
Finte temperature corrections expected to be relevant for freeze-in as Tf.i ∼ M.
→ We compare finite temperature QFT results using complete 1PI resummed
propagators with

• a Boltzmann approach regularizing infrared divergencies with thermal
masses

• finite temperature QFT results using Hard Thermal Loop (HTL)
approximated 1PI resummed propagators

The methods deviate from our result by
• ±15% (±30%) for the Boltzmann/Thermal Mass approach with FD/BE

statistics (Boltzmann statistics). The sign depends on the mass splitting δ
and the deviations are almost independent of G.

• 0%-30% for the HTL approach, depending on the mass splitting δ. Results
are more accurate for smaller gauge couplings G.
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Models

Y SU(2) SU(3) G µ = MZ 104 GeV 107 GeV 1010 GeV

eL −1/2 2 1 g2
1

4 +
3g2

2
4 0.38 0.4 0.46 0.52

uL +1/6 2 3 g2
1

36 +
3g2

2
4 +

4g2
3

3 2.3 1.6 1.2 1.0

dL +1/6 2 3 g2
1

36 +
3g2

2
4 +

4g2
3

3 2.3 1.6 1.2 1.0
eR −1 1 1 g2

1 0.21 0.22 0.24 0.26

uR +2/3 1 3 4g2
1

9 +
4g2

3
3 2.1 1.3 0.9 0.7

dR −1/3 1 3 g2
1

9 +
4g2

3
3 2.0 1.2 0.8 0.6
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Comparison of Interaction Rates/ Relic Density

BEQ: Dec. + Scatt. (th. masses)

BEQ: Scatt. (th. masses)

BEQ: Dec. (th. masses)

BEQ: Dec. (vacuum)

CTP: Tree

CTP: HTL-resummed

CTP: 1PI-resummed

0.01 0.05 0.10 0.50 1 5 10

0.0000

0.0005

0.0010

0.0015

0.0020

0.0025

Boltzmann/Thermal Mass Approach:
• underestimates scatterings

• overestimates decays

BEQ: Dec. + Scatt. (th. masses)

BEQ: Scatt. (th. masses)

BEQ: Dec. (th. masses)

BEQ: Dec. (vacuum)

CTP: Tree

CTP: HTL-resummed

CTP: 1PI-resummed

0.01 0.05 0.10 0.50 1 5 10

0.0

0.5

1.0

1.5

Hard Thermal Loop Approximation:
• overestimates scatterings

• accurately captures decays
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Estimate of LPM corrections

-1 -7/9 -5/9 -1/3 -1/9 1/9 1/3 5/9 7/9 1

1.6

1.5

1.4

1.3

1.2

1.1

1.0

0.9

0.8

0.7

0.6

0.5

0.4 -27% -23% -15% -8% -5% -3% -2% -2% -1% 0%

-28% -24% -16% -10% -6% -4% -3% -2% -1% -1%

-29% -25% -18% -11% -7% -5% -3% -3% -2% -1%

-30% -26% -20% -12% -8% -6% -4% -3% -2% -1%

-29% -27% -21% -13% -8% -6% -4% -3% -2% -1%

-29% -27% -22% -14% -9% -6% -5% -4% -3% -1%

-30% -28% -23% -15% -10% -7% -5% -4% -3% -1%

-30% -28% -24% -16% -11% -8% -6% -5% -3% -1%

-30% -29% -24% -17% -11% -8% -6% -5% -4% -1%

-30% -29% -24% -17% -12% -9% -7% -5% -4% -1%

-30% -29% -25% -18% -12% -9% -7% -6% -4% -1%

-31% -29% -25% -18% -13% -9% -8% -6% -4% -2%

-31% -38% -26% -19% -13% -10% -8% -6% -4% -2%
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Kadanoff-Baym Equations

KB for scalars

(
−∂2 − m2

)
∆<,> − ΠH �∆<,> − Π<,> �∆H =

1
2
(
Π> �∆< − Π< �∆>)

Kadanoff-Baym-Ansatz:

i∆<
s (p) = 2A(p)fs(p0) , (1)

i∆>
s (p) = 2A(p)

(
1 + fs(p0)

)
. (2)

Kinetic Equation:

k0∂t
(
i∆<,>

s
)
= −1

2
(
iΠs

> i∆<
s − iΠs

< i∆>
s
)
+O(∂tΠ

H;<,>
s ∆<,>;H

s ) . (3)
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