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Phase transitions

Phase transition in everyday life
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Phase transitions

First order phase transition (FOPT) in the early universe
Universe high-T after inflation:cooling of primordial soup

QFT = landscape of minima ⇒ PT

Potential V (T, ϕ) = V0(ϕ) + Vthermal(T, ϕ)
High T: V ⊃ ϕ2T 2 ⇒ sym restoration
FOPT feature a barrier between two vacua and
cooling (Tnuc < Tcr)
Nucleation controlled by bounce solution

Γ ∼ T 4Exp
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Phase transitions

Nucleation and early expansion

Energy released ∆V ⇒ Driving energy:

Edriving = −4
3π∆V R3 VS ∆Ptension = 4πσR2

Expansion when Rinitial > Rc ∼ σ/∆V

Transition starts approximately when one bubble per
Hubble volume, T = Tnuc

Strength of the FOPT

αn ≡ ∆V

ρr
∝ 1/T 4

nuc

Duration of the FOPT

β ≡ texp

tP T
= 1

tP T H
∝ R−1

collision
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Phase transitions

FOPT pictorially
Cutting, Hindmarsh and Weir:[1906.00480]: video in

https://vimeo.com/showcase/5968055
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Phase transitions

The bubble wall in time
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Phase transitions

FOPT meet Baryogenesis
1 Bubbles can create baryon anti-baryon asymmetry

Figure: Credit:T.Konstandin [1302.6713]

Traditional EWBG

Yin W. Azatov A. and MV (2021)

Baldes I., Blasi S., Mariotti A., Sevrin A., Turbang K.

𝑵

𝑵

decay after penetration

𝒀𝑩−𝑳 generated

& frozen (temporary)

Bubble collisions

𝑻 = 𝑻𝐧𝐮𝐜 𝑻 = 𝑻𝐫𝐞𝐡

𝒀𝑩−𝑳 𝐰𝐚𝐬𝐡𝐞𝐝 𝐨𝐮𝐭
(weakly)

𝐻

𝐿

𝑁

dilution = 𝑻𝐧𝐮𝐜/𝑻𝐫𝐞𝐡
𝟑

+ ⋯

𝑚𝑁 = 0

𝑚𝑁 ≠ 0

𝑚𝑁 ≠ 0𝑚𝑁 ≠ 0 𝑚𝑁 = 0

reflection

(subdominant)

Eung C., Dutka T., Jung T., Nagels X. and MV (2023)
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Phase transitions

FOPT meet DM

1 FOPT can modify and set the DM abundance via

Supercool Dark Matter: Hambye,
Strumia, Tesi (2018)

Broken

Lw

h

Tnuc

Symmetric

DM

DM

rehT

v=0

 v = v0

λv_
M

Yin W. Azatov A. and MV (2021)

Baldes I.,Gouttenoire Y., Sala F., Servant G. (2022)

Asadi, Kramer, Kuflik, Ridgway Slatyer, Smirnov (2022)
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Phase transitions

FOPT meet (emit ?) GW

1 Bubbles can produce a stochastic GW background from

bubble collision

sound waves

turbulence
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 

 

Primordial GWs could be observed soon: Frequency ⇒ information about Treh: fpeak ∝ Treh
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Phase transitions

Observation prospects of GW
(

Treh, β, αn, vw

)
⇒ (ΩGW

peak, fGW
peak)

Miguel Vanvlasselaer (VUB and IIHE brussels) Simple computations for the bubble wall velocity March 2024 11 / 35



Phase transitions

FOPT meet Pulsar Timing Arrays

Nanograv BSM study: arXiv:2306.16219 [Or if you prefer arxiv: 2306.09411 :)]

FOPT could explain the signal of PTA if α ≳ 0.1, β ≲ 10 . Need for strong and long FOPT!
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Phase transitions

FOPT meet Quarkonium ?
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The accelerating wall

The accelerating bubble wall
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The accelerating wall

FOPT and bubbles

Figure: Credit: Giulio Barni, thank to him

∆V = ∆P(γ = γMAX)︸ ︷︷ ︸
??

(velocity)

Build the function ∆P(γ) !!

Definitions:

Velocity: ξw, γw ≡ 1√
1 − ξ2

w
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The accelerating wall

Velocity

Final velocity γMAX = 1√
1−v2

MAX

of the wall set by

∆V = ∆P(γMAX) ⇒ determination γMAX

∆V independent of the velocity of the wall

∆P(γMAX) Difficult to compute
Solve

pµ∂µfi + 1
2∂zmi[ϕ]∂pz

fi = C[fi, ϕ]

□ϕ + dV

dϕ
+

∑
i

dm2
i [ϕ]

dϕ

∫
d3p

(2π)3
1

2Ei
fi = 0

AX

symmetricbroken

v⃗
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The accelerating wall

How to solve that ? Several simplification regime
Expansion in perturbations (Original approach by Prokopec-Moore arXiv:hep-ph/9503296).

fi = f eq
i + δfi, f eq

i ≫ δfi

Solve order by order. Valid for slow walls!

Assume Local thermal equilibrium (Mancha-Prokopec-Swiezewska arXiv:2005.10875)

LARGE C(g) ⇒ Γscat ≫ γv/Lw ⇒ fi → f eq
i

Conservation of T µν
tot = T µν

p + T µν
ϕ : ∆P = (γ2 − 1)∆(Ts)

Ballistic regime C → 0:

AX

symmetricbroken

v⃗ SMALL C ⇒ Γscat(g) ≪ γv/Lw ⇒ f eq
i ≪ δfi

P =
∫

pzd3p

p0(2π)3 fA(p) ×
∑
X

∫
dPA→X(pz

A − pz
X)
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The accelerating wall

A criterion on runaway ? Bodeker-Moore [0903.4099]

P =
∫

pzd3p

p0(2π)3 fA(p)︸ ︷︷ ︸
∝γwT 3

×
∑

X

∫
dPA→X︸ ︷︷ ︸

T →1

(pz
A − pz

X)︸ ︷︷ ︸
∝v2/T γw

1 → 1, A = X with mh > ms:

C → 0 ⇒ dE

dz
= 0, E =

√
p2

⊥ + p2
z + m2(z)

LO relativistic pressure :∫
dPA→A → 1, (pz

h − pz
s) ≈ −∆m2

i

2E

⇒ P1→1 →
∑

i

∆m2
i T 2

24 < ∆V

AX

symmetricbroken

v⃗

Broken

Lw

Tnuc

Symmetric

rehT

v=0

 v = v0

Ψ Ψ

m = 0 m = m0
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The accelerating wall

How monotonic is the pressure increase ?

Figure: Cline, Laurent arXiv:2102.12490
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The accelerating wall

Crossing the Jouguet velocity is not that easy Ai, Nagels, MV[2401.05911]

αn ∝ 1/T 4
n ̸= α+ ∝ 1/T 4

+ for deflagrations and hybrids

0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.0

0.1

0.2

0.3

0.4

0.5

Espinosa, Konstandin, Servant, No [arXiv:1011.3735]
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The accelerating wall

Crossing the Jouguet velocity is not that easy Ai, Nagels, MV[2401.05911]

Konstandin and No, [arXiv:1011.3735], Ai, Gabrecht and Tamarit [arxiv:2109.13710], Ai, Laurent, Van de Vis[arXiv:2303.10171], Ai, Nagels,
MV[2401.05911]

At Jouguet point, the PT is weak: α+|J ≲ 0.06

0.01 0.10 1 10 100
0.005
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0.050

0.5 0.6 0.7 0.8 0.9 1.0
0

1
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4

non-runaway run away

run away by BM only (red region)

b ≡ a−/a+.
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The accelerating wall

When can we trust hydrodynamics ? Ai, Nagels, MV[2401.05911]

0.5 0.6 0.7 0.8 0.9 1.0
0

1

2

3

4

non-runaway run away

run away by BM only (red region)

b ≡ a−/a+.

The assumptions of the approach:
Hydrodynamics is valid:

LMFP ≪ ∆x

Self similar profiles are valid:

tacceleration ≫ tadaptation

BUT: Is this valid at ξw = vJ ??

R0 ∼ 1/Tnuc ≪ LMFP

Krajewski, Lewicky, Zych[2402.15408]: Not often
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Pressure on the bubble wall in the relativistic regime

Pressure on the bubble wall in the relativistic regime

Pressure on the bubble wall in the
relativistic regime
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Pressure on the bubble wall in the relativistic regime

In the γw ≫ 1 region ?
BM [0903.4099]

∆Pmass ∝ ∆m2T 2

Broken

Lw

Tnuc

Symmetric

rehT

v=0

 v = v0

Ψ Ψ

m = 0 m = m0

2 5 10 20

0.05

0.10

0.50

1

Azatov, MV[2010.02590]

∆Pmixing ∝ T 2v2Θ(γT−M2Lw)
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BM [1703.08215], Sala, Jinno,
Gouttenoire[arXiv:2112.07686]

∆PT
splittings ∝ γg3T 3v log v/T

Broken

Lw

Tnuc

Symmetric

rehT

v=0

 v = v0

Ψ

Ψ

W,Z

g

LINEAR GROWTH !
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Pressure on the bubble wall in the relativistic regime

Reinterpretation of the BM criterion ?

IF P1→1 →
∑

i

∆m2
i T 2

24 < ∆V the wall will become relativistic

PSM
1→1 ≈ 0.17T 2

nucv
2
EW

[arXiv:2112.07686]: Gouttenoire, Jinno, Sala

∆PSM
NLO ≈

[ ∑
abc

νagaβcCabc

]
︸ ︷︷ ︸

≈150

κζ(3)
π3 × αMZ(vEW )γwpT 3

nuc

γSM ∼ 3 ×
(

∆V − PLO

(100 GeV)4

)(
100GeV

Tnuc

)3 1
log Mz

gT
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Pressure on the bubble wall in the relativistic regime

The emission of longitudinal gauge bosons
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Pressure on the bubble wall in the relativistic regime

Global dof across the wall: 0 ̸= v1 ≪ v2
[2310.06972] Azatov,

Barni,Petrossian, MV

We set the unitary gauge: 2h = −V ′′(v)h ∂νF µν = g2v2(z)Aµ .

Vector field has three polarization degrees of freedom

Aµ =
∑

i=1,2,3
ϵµ

i ai(x). kµ = (k0, k⊥, 0, kz)

Transverse (Az = 0)

T : ϵ1 = (0, 0, 1, 0), ϵ2 = (k⊥, k0, 0, 0)/
√

k2
0 − k2

⊥ =⇒
[
E2 − ∂2

z +g2v2(z)
]

Aτ1,2(z) = 0 .

Longitudinal (Az ̸= 0)

L : A(z−pol)
µ = ∂nα(z) + λ(z) ∂µ(v2Aµ) = 0 + transversality

(
−E2 − ∂2

z + Uλ(z)
)

λ = 0 with Uλ(z) = g2v2(z) + 2
(

∂zv

v

)2
− ∂2

z v

v
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Pressure on the bubble wall in the relativistic regime

λ as the magical dof? v1 → 0.
When v1 → 0, how do we see that

λz→−∞ → ϕ2?

Potential for λ(
−E2 − ∂2

z + Uλ(z)
)

λ = 0 with Uλ(z) = g2v2(z) + 2
(

∂zv

v

)2
− ∂2

z v

v

 

 

 

 

 

v1 → 0 : mλ,z→−∞ → mh, mλ,z→∞ → gv

Aµ
λ

∣∣
z→−∞ ∝ ∂µ

(
ϕ2

gv

)
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Pressure on the bubble wall in the relativistic regime

Emission of longitudinals ? [2310.06972] Azatov, Barni,Petrossian, MV

∆Pτ
splittings ∝ γg3T 3v log v/T ∆Pλ

splittings ∝ γg3T 3v
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Pressure on the bubble wall in the relativistic regime

Take-home message

FOPT are related to baryogenesis, Dark matter, primordial black holes and observable GW

Their efficiency depends on vw.
Hydro obstruction and BM criterion ?
NEED Dynamical understanding of hydro obstruction !
In the relativistic regime, three contributions: i) 1 → 1: γ0, ii) 1 → heavy: γ0, ii) τ :1 → 2:
γ1 log v/T

Longitudinal λ :1 → 2: γ1. Can dominate for v/T ∼ 1.
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Pressure on the bubble wall in the relativistic regime

What is the complete basis of scattering states?

 

 

 

 

 

 

 
 

   

 

 

 

 

  

 

 

 

 

 

  

 

 

 

 

 
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Pressure on the bubble wall in the relativistic regime

Matching our polarisation with usual ones

Usual dof of polarisation

ϵT1 = (0, 0, 1, 0), ϵT2 = (0, kz, 0, −k⊥)/
√

k2
z + k2

⊥ ϵL =
(

k2
0 − m2

k0
, k⊥, 0, kz

)
k0

m
√

k2
0 − m2

Our dof of polarisation

ϵτ1 = (0, 0, 1, 0), ϵτ2 = (k⊥, k0, 0, 0)/
√

k2
0 − k2

⊥ ϵµ
λ = kz

Egv
kµ + gv

E
(0 , 0 , 0 , 1)

Matching matrix between the two

 ϵT1

ϵT2

ϵL

 =


1 0 0
0 k0kz

E
√

k2
z+k2

⊥
− k⊥m

E
√

k2
z+k2

⊥

0 k⊥m

E
√

k2
z+k2

⊥

k0kz

E
√

k2
z+k2

⊥


 ϵτ1

ϵτ2

ϵλ


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Pressure on the bubble wall in the relativistic regime

Quantisation in the background of the wall
System of Equations of motion across the wall with "wall terms" and masses in Rξ gauges

□h = −V ′′(v)h EoM of the wall

□ϕ2 = −2gAµ(∂µv) − ξg2v2ϕ2 − V ′ ϕ2

v
EoM of the Goldstone

∂νF µν = 1
ξ

∂µ(∂νAν) + g2v2Aµ−2gϕ2(∂µv) EoM of the Gauge field

Field in the symmetric phase: (h, ϕ2, Aµ
1 , Aµ

2 ) m2
h ≡ ∂2

hV (0) = ∂2
ϕ2

V (0)
ϵµ

T1
= (0, 0, 1, 0) , ϵµ

T2
= 1√

k2
⊥+k2

z

(0, kz, 0, −k⊥) , kµ = (k0, k⊥, 0, kz) .

Field in the broken phase ξ → ∞ (Unitary gauge): m2
h = ∂2

hV (v2) m̃ ≡ gv2

∂µF µν + m̃2Aν = 0 , =⇒ ∂2Aµ + m̃2Aµ = 0 , ∂µAµ = 0 .

ϵµ
L =

( p2
0−m2

p0
, p⊥, 0, pz

)
p0

m
√

p2
0−m2
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Pressure on the bubble wall in the relativistic regime

Third technicality: Solving procedure
We cannot apply the same approximations all over in the phase space!

kz < L−1
w : Step wall procedure: non-trivial matching conditions for λ

∂zλ

v(z)

∣∣∣∣
<0

= ∂zλ

v(z)

∣∣∣∣
>0

, v(z)λ|<0 = v(z)λ|>0 discontinuity in λ across the wall!!

kz < L−1
w : for λ,

kz ≫ m, m̃, R → v2
2 − v2

1
v2

2 + v2
1

→ 1

kz > L−1
w : WKB approach with BM amplitude and ∆pzLw < 1

In the end, three computations needed to evaluate each process

⟨∆pstep
ζL

⟩, ⟨∆pstep
ζR

⟩, ⟨∆pW KB
ζR

⟩.
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Pressure on the bubble wall in the relativistic regime

Going to pressure: Who dominates? λ or τ?

∆Pτ
splittings ∝ γg3T 3v log v/T ∆Pλ

splittings ∝ γg3T 3v
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