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CP violation in the strong interactions?

No empirical evidence—neutron electric dipole moment (EDM) strongly constrained:
dn = (0.0 & 1.1gpat & 0.25y5) X 10720 ecm 12020 @ w51

QCD with massive quarks
Ny

£2 55 trFWF# + 395 (i — mye )1,0] HtrFWF“
7=1

Believed to cause a neutron electric dipole moment (EDM) d,, ~ 10 'ecm (6 +; a])
[Baluni (1979); Crewther, Di Vecchia, Veneziano, Witten (1979)]

But does 1t?
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Effective interactions with 6

SU(Ny) 4 global symmetry in the limit of massless quarks

Chiral U(1)4 symmetry of the quarks is anomalous however
— L invariant under rujikawa (1979,80)]

chiral trafo “spurion” trafo
P — efrsq) plus mjeia]")/s R mjei(a]‘—sz‘B)’y5
P — Pefrey 6 — 6+ 2N

In fact, the “spurions” are those who break the symmetry explicitly.
This pattern should be replicated by any effective theory.

Ny

Rephasing invariant: 8 = 6 4+ &, where & = 2215, — 0 1s an angle



Integrating out gauge fields: Effective 't Hooft vertex

Tpological effects described by effective 't Hooft vertex (I'y, some coefficient): 1« soort (1076,50))

Ny . Ny _
L+ BtrFWF‘“’ — L — Ty [[(@;Pu;) — e “ [ [ (%; Pryj)
7=1 7=1

m Effective interaction breaks U(1)4 explicitly — 7'-mass
m ¢ should be expressed in terms of parameters of the fundamental theory
® As a spurion, { = §{ —2N¢f

6 (in general misaligned with masses) — CP violation

S
Two options: ¢ = —a (present claim, aligned with mass terms) — no CP violation

So which one 1s 1t?

In principle, we could have £ = co& + cg0 for integer ca g (o, 6 are angular variables) with co + co = 1. We

shall see that this general case is not realized in the explicit calculation.






Topology

Work here in Euclidean spacetime ~ R*

=~ gauge
Theta-term/topological term is a total divergence | pimsmy

1 1
—tIFm, w = K, K, —G#yaﬁtr{ A8, Ap—i— A AcAp
2
gauge /
invariant Homotopy: SU(3) D SU(2) ~ S — m3(SU(2)) = m3(S3%) = Z

. 7799
Take boundary of R* as a sphere §3: f#w ﬂ’ = -sphace

spate.

Winding number—topological quantization for pure gauge at co

1 . 1
An=— /d‘*mFWFW =7 d*cK, €7

1672
52 \ Haar measure
for pure gauge




Why T — o0

(Implying VT — oo as opposed to a finite spacetime volume)
To evaluate amplitudes at finite 7', project path integral on the state in terms of a wave
function(al) ¥[¢(Z)] = (#(Z)|¥) (more on this later):

(Wr, 4, 85) = /D¢fD¢z’(‘1’f, tlér) /Dd) ([ w;, 1;)
|¢i s) field eigenstates, not energy eigenstates Z((Z:gizf((%)
Problem: Neither know ¥[¢(Z)| nor kernels of Schrédinger equation
Way out: Euclidean path integral/project on ground state

e—HT

lim or lim e H: Hamiltonian
Tooo e EoT TSo00 e 180 T(1-ie) Fy: ground state energy

—iHT(1—i€)

— Obtain vacuum correlations without bothering about ¥[¢(Z)]



Boundary configurations & topological quantization

The parameter 6 can be viewed as an angular variable
(forced by the anomalous chiral current). —

Requires An € 7Z (“topological quantization”) — exp(iS)|s = exp(iS)|o+2r

Readily built into the path integral for VI' — oo without constraining boundary
conditions by hand:

(Relatively) nonvanishing contributions in tnfinite spacetime only from classical local
minima of the Euclidean action & fluctuations about these—these configurations must go
to pure gauges at co

There 1is no such restriction/principle to fized physical bes. for finite VT.

Indeed, for pure gauge configurations at co — An € 7Z (as discussed above)

Consequence: An € Z requires T— oo first —in the path integral, take T — 0o, then sum
over all topological sectors An weighted exp(iAng)



More technically: Integration contour from Lefschetz thimbles

Parametrization of the path integral through steepest descent contours about classical
saddle points — Contour integration on Lefschetz thimbles

O¢(z;u) _ 0Su[¢(z; u)] OReSg(¢(z; u)] OlmSg(¢(z; u)] _
ou 6E¢(:1:;u) - E@u <0 and Eau =0

Each thimble emerges from a

J_”_L critical point and corresponds to
f—/ one An € %
,,,J_/ /_L /1#\ Keeping VT finite while summing

x 5 over different An does not
i correspond to a nonsingular
L 7+ T deformation of the contour
e
. N .
Integration contour sweeps 7 — lim lim Doe~ Su[4]

over full thimbles first: N—oo VT —00 Jay



Soisit { =—aor =207
The effective vertex generates the following correlation functions at tree level:

Ny

H¢] 513]'% 1nst—< 1£1_J:PL +C£HPR]> .’131,..., {,)

7=1
Goal: Compute correlation function and compare with EFT answer above to fix ¢

Cf. leading contribution to two-point function
<¢2(x)¢](xl)> :iSOinst ij(x: xl)

4
co no_ Sy . a—i0tiy® d’p —ip(z—z') 6lj
1SO1nstz](x7$ ) _(_,y,ua# +1mle e )/ (27r)4e e m

So ¢ = 60/¢ = —& implies CP-violation/no CP-violation

Only one explicit calculation based on dilute instanton gas (DIGA) finding £ = 6

[t Hooft (1986)]



Fermion correlations

m Obtain correlation functions from Green’s functions in fixed background of instantons
and anti-instantons
m Interfere all instanton configurations
m First, within one topological sector
m Then over the different sectors

Green’s function in n-instanton, fi-anti-instanton background (DIGA)

a7 A n 7 Al /
1Sn,7(%, ') & iSoinst (2, 2 )+ ) bt z_%;;)ﬁ?i(x —wo,u)+ > %R(z_%’;’rzz?(a} ~ %)
Yo r: ‘t Hooft zero modes = =t
Comments:
m For small masses, zero modes dominate close to the cores of instantons, far away from
instantons the solution goes to the zero-instanton configuration piaxonov, Petrov (1986)]
m Alignment of phase o between Lagrangian mass and instanton-induced ySB —— No
indication of CP violation here
m Should be expected—~6-phase has not entered calculation thus far
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no7 e Nl (el e n 7 _ it (o
iS. alr 2 & iSninl(s T’\+Y‘¢°L($ %0.7) Yo (2 .’Do,,,)_l_v’l,bo}{(m Zo.)Yor(2'— Zo,)

cf. d4 1 meia
) . S P _ip(z—a

{8t (2,2) = (948, ime o) [ e
(_IUJ.J.J.]..LJ.CLJ.IJD.
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Interferences within the topological sectors

Within a topological sector, interfere/sum/integrate over
m all instanton/anti-instanton numbers n + 7 with An = n — 7 fixed
m locations of all instantons/anti-instantons

m remaining collective coordinates

— Dilute instanton gas approximation (skip technicalities)

Can also obtain coincident fermion correlations using the index theorem and anomalous
current only



Correlation function for fixed An

)P Nn =) iy [7le,e) (G Pt e PR) VIV i (2, ) (VT)

o An x (in)ﬁ-#—n(_l)n-kﬁeiAn(a-#—@)

= [(&“IAH:l (2K VT)PL + € *Ian-1(2ik VT) PR) Rz, 2') + Inn(2ik VT)iSoimet (2, a:')]
m x (—1)Angibn(ate)
Instantons per spacetime volume: ik =x e~ 5® _
XSB rank-two spinor-tensor from integrating quark zero-modes over the locations of the instantons: A(z, z’)

Modified Bessel function: I, (z)

Sum is dominated by particular value of n /& 7: [piakonov, Petrov (1986)]

o0 VT n . ,i
(ny= Zn=0"_wi— g VA= () ct lim J2n(2€)
o B | () VEVT' T eme Ia(ize )

— No relative CP phase between mass and instanton induced breaking
of xral symmetry—alignment in infinite-volume limit



Correspondingly, partition function for fixed An: (e veutwyler, Smilga (1992)]
Znn = Ing (216 VT) (—1)A7etAn(e0)

Note: The topological phase e/2™>+f) multiplies (¢/(z)9¥(z'))an and Za, entirely—not just
the contributions induced by instantons.

Other correlation functions (n point, stress-energy, for some observer,...) are calculated
from the Feynman diagram with the Green’s function in the n instanton, 7 anti-instanton
background.

Then it remains to average over n, 7, locations and remaining collective coordinates.

There is no CP violation/misalignment of phases to this end. It remains to consider the
interference between the topological sectors.



Interferences among topological sectors (are immaterial)

Topological quantization <+ Interference between sectors for VI' — oo

Fermion correlator

@) =lim lim SAn==n B@)F()an

N
N
NZ]I?IO [ s EAn:—N ZAn

—1_—iay®

=iSoinst (T, ') +ikh(z,z)Ym 'e (same as for fixed An)

. . s 4 _: o
Recall: iSpinet(z, ') = (—7#8, + ime 10"75) i (ng)ﬁe ip(z—z )m

— No relative CP-phase between mass and instanton term
—&=—-a
—— CP is conserved




Limits ordered the other way around

First sum over all An as well:

Z r.ln. [l_z(m, ) (Am P, +nm e Pr) (VT)" ™ 4 iSoimst(z, ') (VT)* "

7,n>0 ﬁ+neiAn(a+9)

X (—mik)

= [— (e_iSPL + eigPR) ER(z,z") + iSoinst (2, z')] o 21k VT cos(a+6)
m

Z — Z #(—iﬂ VT)ﬁ+ne*i(ﬁ*n)(a+0) — ef2iKVTcos(a+€)

n,n

Then, VT — oo trivial as V'T'-dependence cancels
— Relative CP phase leading to CP-violating observables

However: Changing the order does not correspond to a nonsingular integration contour.






Large gauge transformations

Chern-Simons functional (temporal gauge A° = 0):

e 1 1 .
W[A] 4 zaz]k /Vd3$tr EA'La]Ak — lAzA].Ak

1
= d3K
3 T 20

a1 A2

Define Ay = UAU 1 +iU-VU (residual gauge freedom in temporal gauge)
U(™): “large” (n # 0) gauge transformation on spacelike (7 = const.) hypersurface
V ~ 8% (V ~ T?) changing the Chern-Simons number by n = W[A ;] — W|[A] € Z

units
Concerning gauge transformations, identify V ~ S2 ﬁ 7 F oy @ M"‘; !

(V ~ T3) if U(Z) — const. on 8V (periodic on T3). ¥ mﬂ—rﬁ/
Common situations: ou Wﬂ:

m V = R3? When physical fields go to zero for |Z| — oo this is possible but not necessary

m V = T3: Restrict gauge transformations to those periodic on the torus 7'3. However,
while physical fields must be periodic, there is no such requirement for the vector
potential A(Z).



Lar e transformations

Equivalence classes of U("™) (not connected with 1 for
n # 0) only exist when we require these added constraints
on A(Z) (beyond A°(Z) = 0) z Ky

Chern-Simons

. Cannot impose these unless properly taken account in
Define Ay = canonical formalism ge)
U(™): “large” (n # 0) gauge transformation on spacelike (7 = const.) hypersurface
V ~ 8% (V ~ T?) changing the Chern-Simons number by n = W[A ;] — W|[A] € Z
units

Concerning gauge transformations, identify V ~ S2 @ (vt ]
(V ~ T3) if U(Z) — const. on 8V (periodic on T3). :'”"' g ml'f.rf.i’
Common situations: o Woﬂ;

m V = R3? When physical fields go to zero for |Z| — oo this is possible but not necessary

m V = T3: Restrict gauge transformations to those periodic on the torus 7'3. However,
while physical fields must be periodic, there is no such requirement for the vector
potential A(Z).



Theta vacuum, standard story

Consider initial and final states, taking z» — £o0
— Construct from pure gauge configurations on these surfaces, with > Uire)
e = -Sphave
Spate

An = 1672 / d*zF, Fu, = ne — n_oo  gauge invariant
1 Chern—-Simons number
3 /" (firee )
Nico =—5 d°oc K . . 27 3 @
£ T 2 / L 1ot gauge invariant e Ty T srlee
4 & ﬂ() /—rM
zt=do00 on Sowwtlory

Nioo € 7 for A® =0 if for |Z| — co: A(Z) =iU YZ)VU(Z) and U(Z) — const.

Gauge transformations change n4., by same number of integer units But why should
U(Z) go to const.

N_ oo = |7 .
nz s |(n>| (field eigenstates) EERIT boundary

of space?

Construct ground states from prevacua:

o . o —in® [Callan, Dashen, Gross (1976);
Gauge lnvarlant (up to phase) Sta‘te ‘9> _ Ee ‘n> Jackiw, Rebbi (1976); Jackiw (1980)]

n



Standard story: two loose ends

The prevacua |n) are field eigenstates, very different from the ground state
Resolutions:

m Take T — oo in the path integral to project on the ground state:
[vac) = e T e " |n), T — oo (cf. VT — oo in previous part)
n

m Or use the symmetries and no further properties of the wave functional
[Jackiw, Rebbi (1976); Jackiw (1980)]

States are not normalizable in the proper sense because (6(9|90)) = §(8(*) — 919))

[cf. e.g. Callan, Dashen, Gross (1976); issue taken by Okubo, Marshak (1992)]
Without ado, this contradicts 1st postulate of quantum mechanics.
Possible resolutions:

m Construct wave packets—not acceptable however because gauge invariance should be
exact

m Use gauge fixing in order to normalize states (which is what we will do here)



B. STATEMENT OF THE POSTULATES

The prevacua ]n) 1. Description of the state of a system te

Resolutions: In chapter I, we introduced the concept of the quantum state of a particle.
We first characterized this state at a given time by a square-integrable wave
m Take T' — o0 function. Then, in chapter II, we associated a ket of the state space &, with
__ _—HT each wave function : choosing | ) belonging to &, is equivalent to choosing

\vac) =¢€ the corresponding function y(r) = {r|y >. Therefore, the quantum state of

a particle at a fixed time is characterized by a ket of the space &, In this
m Or use the sy form, the concept of a state can be generalized to any physical system. nal

[Jackiw, Rebbi (197

First Postulate: At a fixed time 1, the state of a physical system is defined
by specifying a ket | ¥/(¢,) > belonging to the state space &.

States are not nor

[cf. e.g. Callan, Dashen, Gy

. . [Cohen-Tanoudji, Diu, Lalog]
Without ado, this ‘comraarcrs—sy PUSTUIATC UT (JUOIIG UL [ITCCITUIIICS .

Possible resolutions:

m Construct wave packets—not acceptable however because gauge invariance should be
exact

m Use gauge fixing in order to normalize states (which is what we will do here)
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Canonical quantization of the gauge field

Minkowski spacetime, temporal gauge Al = 0, no sources —
gE® =-0/0t A*

gB® =V x A% —1/2f% A% x A®

Canonical momentum conjugate to A® (| no contraints on 8V accounted for |):

giio = —B* 4 9 g5
82

The corresponding operator must observe the commutation relations:
[A®H(&), 1% (8")] = 16Y6°6%(Z — &'), [M*"(Z),1™(Z')] =0

_ 0 -
These commutators hold for (6 arbitrary) I1°® = —— + g — B*
i

Hamiltonian density:

2 2
M=o ((B°F +(B°F) =3 ((g -6 eméa) + (é“)2>

2

[Jackiw (1980)]



Wave functional in gauge theory (temporal gauge Ao, = 0)

Since [W[A], H] = 0, can find states \Pe(i)[A(Uil))n] = eine(i)\Ifg(i) [A]

Wave functionals not properly normalizable

o la)xr 7 b)Y = el < e gl Ay R b
/DA\II‘(’()) [A]\II‘(’(J))[A] = 2 /(J<W[A’]<1DAe e )T/J((au)) [A] f(ao)>

—omd (6 — gl / D Ae (006D WA] (a)*
0< W[A]<1

=276(6() — 905,

Cf. T*/lattice:
s @)k Fm B) 7
7Y [DaveAe el

a

Not properly normalizable either



Crystal or circle?

The functionals ¥y(A) with above periodicity properties can be viewed as Bloch states.

Bloch states live on a crystal:

—

i In contrast: In gauge theory

is a different site than A Vigy = )
il AU(I) 1s a redundant
Vi)

des?:ription of the
W configuration
Zl—corresponding to
¢ — @+ 27n on a circle

M

On a crystal: Bloch states do not correpsond to normalized wave functions, these are rather
wave packets made up of Bloch states. Packets, however, not translation (gauge) invariant

On a circle: Truncation of the inner product according to a single period leads to properly
normalizable states, corresponding here to gauge fizing A € A so that each physical
configuration appears one time and one time only:

= = a)k; 7 b)r 7
/ DARJA] ¢l A) ) 4]
A %,—/

gauge invariant
under change of A



Gauge fixing, diagonalizing H
Under gauge fixed inner product, \Ifgz)), \Ifgz(’])) no longer orthogonal for 6(*) # (%)

There is a restriction for the states when imposing gauge fixing

Only derivatives tangential to A should add to H.
(Constant derivatives in gauge directions excluded in the non-Abelian case, cf. no
nontrivial solutions to Laplace equation that are pure phases on the sphere)

Problem: [ d®ztrB - ol mixes tangential & perpendicular derivatives
i

— “Diagonalize” H:  ¥'[A] =e {0 fm)WIAlg[4),

. o 2
1 —eil0—6m) WA prilo—omywid] _ L /dsxtr _92‘5T L B2
2 §A?

i1- 9 Bz 2 2
621(:2:’) wid]= 872 b(@) -9 J + 1/(133; tr B2 Throw states
2 §A%(0) 2 that are not
invariant out of

the Hilbert space
under gauge transformations U continuously connected with 1. —CP conserved

Only tangential derivatives contribute when | ¥/[4] is gauge invariant




Nondiagonal basis

Redefining derivatives w.r.t. A as
D v[A] =i <15621 _(6- an)sfrzé> W[A]
corresponds to a canonical transformation of the momentum operator.
Induces translation as
TIAA]G[A] = e E—om(WIATAA-WIA) g1 4 1 AA]
For a shift Aﬁgauge corresponding to a gauge transformation:
P18 Aguuge WA = A it [A] = e W AGITE]

Agrees with reasoning & result in the diagonal basis

6 — 6 in ¥g_ g is pinned to 8 — O in H so that C'P is conserved

Are there more “hidden” translation operators allowing for consistent gauge fixing? No!
Can show this by imposing Hermiticity of operators under restricted inner product.



Gauf}’ law

For Q(Z) an infinitesimal generator of gauge transformations

— Noether charge:
—EB'+ Z-0B" | D'Q

Q(Q) :§/d3xtr [Hi(DiQ)] :/ d3z tr
14
+ /avda’ tr [Q (—E’ + ;?GBZN

:/d3:vtr QD' (B - 9 6B
87

For Q(Z) = 0 when £ € OV and since ¥’ is gauge invariant
— GauB' law: D - E¥/[A] =0

Usually, the argument is made the other way around: Impose Gauf}’ law to throw states
out of the Hilbert space

Since [Q(Z), W[A]] = 0 for Q(Z) = 0 when Z € 8V this also holds when

V'[A] — e?"IAW/[ 4], so imposing GauBl’ law does not fix §, does not tell us about large
gauge transformations




General gauge transformations

Have learnt for gauge transformations U continuously connected with 1:

V(4] = e om WAy, ; 4]

This applies to large transformations as well since we have not introduced a constraint to
the canonical formalism that would require or U(Z) =1 on 8V

f — 0 in ¥y g is pinned to 6 — O in H so that

CP is conserved




Conclusion

There is no C'P-violation in QCD. = Adjust gambling odds on dark matter candidates

Based on a challenge to standard calculations:

m For amplitudes over infinite T, no reason to impose topological quantization on a
finite surface. Exchanging the order of limits does not correpsond to a nonsingular
deformation of the Cauchy contour in the path integral.

m Standard f-vacua are not properly normalizable. Carrying out gauge fixing in
canonical quantization yields normalizable states for which CP is conserved.






xral symmetry breaking

spontaneous breakdown

SU(Ny) in limit of massless quarks Nf2 — 1 massless mesons

of xral symmetry

Chiral U(1)4 symmetry of the quarks is anomalous however
— L invariant under jrujicawa (1979,50)]

chiral trafo “spurion” trafo
P — ePrsq) plus mjeiaﬂ5 _ mjei(a]fZNfﬂ)’ys
P — Pefrey 6 — 6+ 2N

In fact, the “spurions” are those who break the symmetry explicitly.
This pattern should be replicated by any effective theory.

Generally expect eight (Ny = 3) mesons with mass-squares ~ m; and one heavy 7’ with
mass independent of m; at leading order

Rephasing invariant: § = 6 + &, where & = Zj\zl aj, — 0 is an angle



Effective chiral Lagrangian (xPT)

U= erfiwcI> Up: chiral condensate
T+ e+ /5 Vert V2K
$ = NoX o —7T0+%77+ %,’7/ V2 KO
VaK- VBRY e /i

Chiral Lagrangian (lowest order terms) inherits “spurious” symmetries:
2 2
B . :
L:%Twﬂmwﬁ+@fhuMU+mMU+Mwﬂﬁme+wéﬁ®uﬂ
HNGN — (myNUPLN +icNU'GPLUN + dN ' PLN + eN UM UPLN +hec.)

M = diag{m,e""*, mge'*’, mse'“:}

Y4
7, O leon doublet N =
M, U reduced to subspace (u, d) nucleon double < >



CP-odd neutron interactions [e.. srednicki QFT (2007)]

m Write Up = (U) = diag(el#, el¥¢, ei¥s)

m Minimize V((U)) — mi(@i + a;) & m(my, mqg, ms) (€ + o, + g + )
(for small angles)

m Substitute g; back into £ & suitably redefine N — N (N, U)

2c+1

['neutron o - auWaNTa’)’#’)%N CP even

2(d +e)m
L2d+e)m

; (6 +o,+ay+a)NT*TN  CP odd



Neutron electric dipole moment

. S
. . IR | . _
iM=— 21D(q2)62(q)usf(p’)1h",'r”] 0175 us () é .
n- -~ T

_ 1 . 31 / 1
—Leg =D(0)72 Fuu g1, 7" livs n Cd ey

N R 4 P FS

C8-E

m xPT value: d,, = 3.2 x 10 1(¢ + a)ecm
= Experimental bound: |d,| < 1.8 x 1072%ecm (90% c.1.) (amow/esi (2020]

m Calculations e.g. of neutron EDM implicitly assume £ =6
[e.g. Baluni (1979); Crewther, Di Vecchia, Veneziano, Witten (1979)]

m However £ = & also perfectly valid by arguments used to this end

m Another signature—weaker bounds: ' — 7w



For 2 — oo, the instanton field (in fact any configuration contributing to the path
integral) becomes a pure gauge:

mJ#ﬁwﬂm Space
Ay —— ;(BH U)U ! where U € SU(2) Q @
1
K, —>gsw,,tr[(U—1ay UNU e\ U)(U18,U)]

4ot deusz
Integrand is a Haar measure and maps S® — S°3 / \
(Anti-)instanton is a configuration with winding
number An = (—)1
dws0 dws—1

Theta term contributes to the action though being a total derivative



-SA

Limits should not be exchanged

/\ /\ /\ /\ /\ /\ m Reparametrization of the
integral must comply with the

increasing Q Cauchy theorem

-SA A m Keeping VT finite while
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Fixing € from fermion correlations

Plan of calculation

m Obtain correlation functions from Green’s functions in fixed background of instantons
and anti-instantons

m Interfere all instanton configurations

m First, within one topological sector
m Then over the different sectors

E %) satisfies

Euclidean Green’s function S%(z
(B® + mg +iv5my) SB(2®, ) = 6%(z® — z¥)
Spectral sum (first massless case):

Pog% - (aE ; %EA%) o -
E




Spectral sum for m = 0 is ill-defined because of the fermionic zero mode AF = 0 in the
instanton background

Euclidean index theorem: An equals difference between number of right-handed and
left-handed zero modes

—> One left (right)-handed zero-mode for An = -1 (An =1)

Left-handed zero mode [t Hoott (1976)]

X6 (%) )
FEB) =] (o) |, where xF(e®)= — L, utb =g
0 m[0? + (zF)?]>
Include mass @ first order in perturbation theory (An = —1 background)
[Shifman, Vainshtein, Zakharov (1979)]
52(g2, oo — P (2%) i 9E(zB)9) (=)
me 10(

AE=£0



Green’s function in n-instanton, 7i-anti-instanton background

no. A I
IS ( ) ]'SOlnSt CE fE Z ’lp ( %1V)¢OL($ 1:0,1/)

mefia

Por(z — 20,)Pir(z’ — 20,)

meic

M: ||'

N
Il
—

Comments:

m For small masses, zero modes dominate close to the cores of the instantons, far away
from the instantons the solution goes to the zero-instanton configuration |piarenov, Petrov
(1986)]

m Alignment of phase o between Lagrangian mass and instanton-induced xSB —— No
indication of CP violation here

m Should be expected—6-phase has not entered calculation thus far



Green’s function in n-instanton, 7i-anti-instanton background

L) NG (ot
) lsﬂlnst .'IZ (E Z Yo ( %’V)¢OL($ 1:0,1/)

is, ‘
1 ( _: me*la
i Por(z — 20.)Pir (2’ — T0,)
meioc
v=1
( o : oy dp 1

iSoimst(z,2') = (—9*8, +ime™*Y / emiPe—a) — —
o )= . ) (2m)* p? — m? +ie |)stantons, far away
from the instantons the solution goes to the zero-instanton configuration |piarenov, Petrov

(1986)]

m Alignment of phase o between Lagrangian mass and instanton-induced xSB —— No
indication of CP violation here

m Should be expected—6-phase has not entered calculation thus far



Green’s function in n-instanton, 7i-anti-instanton background
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Comments:

m For small masses, zero modes dominate close to the cores of the instantons, far away
from the instantons the solution goes to the zero-instanton configuration |piarenov, Petrov
(1986)]

m Alignment of phase o between Lagrangian mass and instanton-induced xSB —— No
indication of CP violation here

m Should be expected—6-phase has not entered calculation thus far



Interferences within the topological sectors

Within a topological sector An, interfere/sum/integrate over
m all instanton/anti-instanton numbers n + 7 with An = n — 7 fixed
m locations of all instantons/anti-instantons

m remaining collective coordinates

— Dilute instanton gas approximation (skip technicalities)

Can also obtain coincident fermion correlations using the index theorem and anomalous
current only



Correlation function for fixed An

(il{)ﬁ+n (_ 1)n+ﬁ iAn(a+86)

(@)D ar _Z_, 7@ ) (o P+ o PR ) (VD)™ 4 S (z,2') (V)™

II|V

(eio‘IAn+1(2iK VT)Py, + € %Inn_1(2ik VT)PR) = h(z,z') + Inn(2ik VT)iSoinst (z, T )]
x ( 1)An iAn(a+86)

—

Instantons per spacetime volume: ik = fdQ JOwe e
xSB rank-two spinor-tensor from integrating quark zero-modes over the locations of the instantons: h(z, z’)

Reduced quark & ghost determinants, Jacobians: ©, w, J Internal collective coordinates: Q2
Modified Bessel function: I, (z)

Sum is dominated by particular value of n & 72: [piakonov, Petrov (1986)]

%) (kVT)" 3 . —_iot+

07 {(n —(n))?) 1 . Ian(ize™)
R R Ve ~ £ lim SATEE )

"= S e = EVT (n) VeVT' 0% Inu(ize O7)

—— No relative CP phase between mass and instanton induced breaking
of xral symmetry—alignment in infinite-volume limit



Spectral sum for m = 0 is ill-defined because of the fermionic zero mode AF = 0 in the
instanton background

Euclidean index theorem: An equals difference between number of right-handed and
left-handed zero modes

—> One left (right)-handed zero-mode for An = -1 (An =1)

Left-handed zero mode [t Hoott (1976)]

X6 (%) )
FEB) =] (o) |, where xF(e®)= — L, utb =g
0 m[0? + (zF)?]>
Include mass @ first order in perturbation theory (An = —1 background)
[Shifman, Vainshtein, Zakharov (1979)]
52(g2, oo — P (2%) i 9E(zB)9) (=)
me 10(

AE=£0



Interferences within the topological sectors: details
Evaluate correlation and partition function first for fixed An
(Y(2)9(z")) an
S [ DAz DIDY p(a)i(a)e AP

,n>0
n—a=An
1 n n
= i I /d4:1;0’,7d§2,;J,; [T /d%o,,,dQVJV 1S5.n(z, ')
N AN S 4 v=lyr

% e~ 58 (ﬁ+n)e—i(ﬁ—n)(a+0) (_@w)(ﬁ+n)

DAz n: Gauge field fluctuations about saddle with n instantons, 7 anti-instantons
dQ,J,: Non-translational zero modes & Jacobians for all zero modes
©,w : Reduced fermion & gauge/ghost determinants in instanton background
iSan(z,z'): Permion propagator in 7 instantons, 7 anti-instanton background

Se[A,9,¢]: Full action functional
Se:  Euclidean action for one (anti-)instanton



Likewise, partition function:

Ian=3 / DAz DYDY e SelA$Y]
7,n>0
n—a=An

= > nllm (-fa@JvVTewme ™ inmn)(at6)

>(ﬁ+n) .



Integrate out locations of the instanton

7 R A I
/d4x0,17 IS(:E: xl) ~ /d4$0,1_’ [isoinst(xixl)+¢0L(z mO,V)’I)bOL(m zO,V) +e

me—ix
vT vrTr

=VT (iSoinst(fI), 11:’) + - )—I—m_lei"‘h(a:, fIJI)PL

Dots represent contributions from the zero modes of the (anti)-instantons whose centres
were not integrated over

h(z,z') is defined as a block-diagonal matrix (with two identical blocks):

h(z,z')PL = / d*zo,5 Por(z — xo,,;)ﬁcT)L(x' — 2,0
VT
h(z,z')Pr = / d*z0,5 Yor(z — T0,5)Pig(z’ — 70,)

vT

h(z,z') E—f d(}i;(g, z)

Back to main slides




Cf. point particle on a circle—no saddle point expansion

Classical Hamiltonian: H = %q‘;?

Free Schrodinger kernel (ignore periodicity):
1 i (pr—ei)?
K(pf, tr, 05, ;) = me2 b=t
Schrodinger Kernel/partition function: (s oSochulman (1981)]
Z = (pf trloi, ti) = Y. €™ K(pf,tf, 01 + 20, t;)
n=—co

Z 1s known in terms of Jacobi theta-functions:

. )2
27ri(tf —t) tr— 1 2’ tr—t;

— Not analytic for ¢y — ¢; € R
— Must keep sum over n finite before analytic continuation

Uniform convergence (as n — oo) for complex ¢ — ¢; only when 6 =0



Finite (sub)volumes

Boundary conditions at infinity crucial for alignment of the C'P phases

Calculations in finite spacetime volumes should also be possible
m for subvolumes of spacetime (— open boundary conditions),
m for periodic boundary conditions, e.g. on a torus as in lattice field simulations.

Note: On a torus, An is topologically conserved.
Lattice simulations sample over An because of finite lattice spacing.

Topology “freezes” in the continuum limit.



Finite vs infinite spacetime volume—cluster decomposition

Consider expectation value of an operator © in spacetime volume €2, interfere different
topological sectors An: (weinberg Qrm)

S f(An) fDd)Oe—Sn}

(O)q = lim il
Nex Z f(An) chj)e—Sﬂ

An=—N

Factorize path integral into volume contributions, Q@ = 24 U Qs:
(O1)q = lim lim (Assume An(Q) = Any (1) + Any(Q2))

Ng—o0o0 Ny—oo
No€EN NiEN
Ny

N
> 222 F(Anm + Any) [ DpOe Smldl [ Dpe Sl
An=—Ny Anp=—Na Ang Ang
M

N.
> 22: f(An; + Ang) f ’D¢e*5'nl[¢] f D¢ e—Sa,[¢]
Independence of (O: {3 frdfn*the fuctuations in @sis achieved ifthe contributions from Q;

cancel (absorb determinant phases in f):
F(Any + Anp) = f(Am)f(Ans) = f(An) = e'An(eto)




Now keep An fixed, Q9 either finite or infinite:

Z f(An) f 'D¢Ole*501[¢] D¢e*302[¢]
Anj=—o00 Ang Ang=An—An;
(O1)a = =
> f(Aan) [ Dpe 51 ld] Dpe 5214l
An; =—o0 Ang Ang=An—An;

ST F(An)Ian—nn (2i6Q2) [ DpOr e~ ul?

_Anlzfco Ang

oo

Z f(An)IAann1(2inQ2) f 'D¢e_sﬂl[¢]

Any=—o00 Ang

oo

Z f D¢ Oy e S0 [¢]

Ani=—oco Any

> i [ Dpe=nl9

An)=—o00 Anjy

Corresponds to
finite VT, 6 =0

Result also holds for
Qo — 00, An free

L2,

Path integral makes sense for finite subvolumes with open boundary conditions
= lattice simulations sampling over topological sectors An without phases

The theory with fixed An (gauge invariant) in large but finite volumes complies with cluster decomposition
[cf. Leutwyler, Smilga (1992)]. Lattice results with frozen topology are therefore okay up to finite volume effects.

For Q22 — o0, the result does not depend on whether An is fixed or free.



