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Who are we”?

Nicole Hartman Jonas Wurzinger Nadine Bourriche
Lecturer week 1 Lecturer week 2 Tutor
nicole.hartman@tum.de jonas.wuerzinger@tum.de nhadine.bourriche@mpp.mpg.de

Fig curtesy of F. Capel
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Our plan

Week 1: Probabilistic reasoning
Bayesian formalism

Week 2: Statistical inference
(Mostly) Frequentist formalism



Homework

If you’re taking the courses for ECTS points
Homework due Fri, 17/10/2025

(2 weeks after end of lectures)

Please submit via email to me and Jonas:

o nicole.hartman@tum.de

O Jonas.wuerzinger@tum.de

https://github.com/odsl-team/block-course-sept25-stats/tree/main

@ block-course-sept25-stats Public <> Edit Pins ®
@ nhartman94 Update READMEmd ~  94ad9dd - 3 minutes ago O 2 Commits
(Y READMEEM Update README.md 3 minutes ago
[0 README 4

ODSL Block Course, Sept 2025

Introduction to Probabilistic Reasoning
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Teaching philosophy

Passive Learning Active Learning
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https://pngtree.com/freepng/cartoon-boy-sitting-reading-a-book-listening-to-song_4533989.html

Two sessions in new room
(ORIGINS basement) !

Week 1 plan
Mon Tues Wed Thurs
9:00-10:20 9:00-10:20 0:00-10:20
10:30-12:00 10:30-12:00 10:30-12:00
14:00-15:20 14:00-15:2C 14:00-15:20
Lecture
15:30-17:00 15:30-17:00 15:30-17:00

Tutonal

A

AN | will emall the room switch reminder
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Agenda: Session 1

- Why statistics

+ Prob 101

+ When the likelihoods are tractable
- Bernoulli; Binomial

- Beta



“The DOOK nature S wrltten N the
Ianguage of mathematlcs

- Galileo =

"Quote provided by A. Schwartzman



. “The book: of how we understand
“nature is in the Ianguage of Statistics.”

— Ariel Sg:hwartzman

. .
‘.‘.. ' & » o

"Quote provided by A. Schwartzman



Higgs discovery papers (2012)

ATLAS; CMS
Have | found the Higgs”
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https://arxiv.org/pdf/1207.7214
https://arxiv.org/pdf/1207.7235

When will | understand the Higgs”
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https://cds.cern.ch/record/2925853
https://project-hl-lhc-industry.web.cern.ch/content/project-schedule

2406.16483

AN Nadine’s paper

Where do the highest energy particles come from?

Fig F._Capel P

Distance (Mpc)

We’ll cover SBI and the ABC method on Thursday!

14


https://indico.cern.ch/event/1355601/contributions/5804664/attachments/2859118/5001694/sbi-astro-capel.pdf#page=3
https://arxiv.org/abs/2406.16483

Ex from C. Cuesta-Lazaro’s
talk, 4/9/2025

|s our understanding of the universe consistent”
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https://slides.com/carolcuesta/deck-c58d21#/6/0/1

Machine Learning

0= Probabilistic description data

g

-

Benefits from big data

Drives the advancements of deep NNs @

X/ ‘\“/

(D
N
RN

More on Thurs how ML can modernize
your inference pipelines! (SBI)




Who are you”

o ™M ™ o N
77777

PollEv.com /nicolehartman968



What datasets are you interested in applying statistics to”?

roteins .
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Week 1:
Course syllabus Analytical probabilities (Mon & Tues)

Tractable inference (Tues)
+ Conjugate priors

+ Model comparison

When inference isn’t tractable (Wed &
thurs)

» Hierarchical graphical models

- Monte Carlo Samplin
P9 Week 2:
- Markov Chain Monte Carlo

- Variational Inference BayeS|an VS. Freqenhst

. Intro to SBI Parameter estimation
. MLE

- Confidence intervals

Hypothesis testing



Agenda: Session 1

- Prob 101

20



Sample space: €2

Examples:

Flipping a coin:

Rolling a dice:

Defines the set of possible outcomes

elementary event

21



What does a probability need to satisty”

Kolmogorov’s axioms

For state space €2 with a set of events {A, B, C, ... }, a probability distribution p must satisfy:

1. Non-negativity p(A) > 0

2. Sumtounity D P(s)=1

seL)

3. Disjoint eventssumto1 p(AUB) = p(A)+ p(B)

22



Lukas Heinrich
TUM Data Science
Lecture 11

The joint

Since events are sets of elementary events, we can use standard set
operations and think about the effects on probability

p@)+p@)-p@)

p(A or B) = p(AU B) = p(A) + p(B) — p(A and B)

23



Lukas Heinrich
TUM Data Science
Lecture 11

The joint

Since events are sets of elementary events, we can use standard set
operations and think about the effects on probability

p@)

p(A and B) = p(A N B)

24



Stefano Ermon
Stanford CS228
Lecture 1

INndependence of events

Two events A and B are independent if
p(AN B) = p(A)p(B)

Q = {Q@,O@,Oﬁ, ,@@:} 2 die tosses

62 = 36 outcomes

Are these two events independent?




Random variables

Translates elementary events into real numbers

Examples:

Flipping a coin: () =

Rolling a dice: () =

26



Lukas Heinrich
TUM Data Science
Lecture 11

Conditional probability

We can define the conditional probability as the probability of
event x if we restrict our world to events where a condition c is true

p(c) p(x and ¢)
p(C) — — 1 o ——
() p(x) = p(x|c) O
p(clc) =1
restrict world
p(x|c)

p(x)

27



Propabllity 101

Chain rule of probability

p(A, B) = p(A | B)p(B)

Marginalization

p(A)= ) p(A,B)= ) p(A|B)p(B)

BeQ, BeQ,



Ways to expand the joint

— i

Bayes theorem|

p(A,B) = p(A|B) p(B)

= p(B|A) p(A)
Can reshuffle terms to get...
p(A|B) p(B)
pB|A) = —————

p(A)



— i

Bayes theorem|

Prior

¥
p(x|6) p(0)

9 —
PO p(x)

C

Posterior




Example: testing for rare disease

Given a positive test, how likely is it that | have the disease”

A: Test is positive

A: Test is negative

B: Have disease

B: Don’t have disease

Test specifications:
- True positive rate, p(A | B) = 0.97
. False positive rate, p(A | B) = 0.01

Rare disease: p(B) = 0.005

PollEv.com/nicolehartman968 N



Soln: Testing for rare disease

(A|B) p(B)
p(B|A) = E I A
p(A)
p(A) = Z p(A, B:) = p(A,B) + p(A, B) Kolmogrov's 3rd axiom
B.
= p(A| B)p(B) + p(A| B)p(B) ~hain e of prob
0.97 - 0.005
pBIA))=——————— £33%

0.97 - 0.005 + 0.01 - 0.995



Follow-up

What if the disease isn’t so rare (e.g, during covid outbreak ¢ ).
p(B) =04
Sick society
0.97-04
0.97-04+0.01-0.6

p(B|A) = Priors can have a big

Impact on the results!
Discussing this more tmr

B - 0.97 - 0.005 Voo
P = 097-0005+001-0995 o7

33



EXpectation values

Discrete distributions

= Lf(0)] = Z p; J(x;)

Continuous distributions

= [f00] = [dx p(x) f(x)

34



Moments of the distribution

First moment (mean)

u==FE)x]= pr(x)dx

Second moment

Variance

O

2

= [x2] — [xzp(x)dx

—p (= )| =

\ 2 Prove in homework

—p %] =

_p[x]Z

35



Agenda: Session 1

- When the likelihoods are tractable

Discrete: Bernoulli; Binomial

- Continuous: Gamma (exponential, )(2); Beta

36



Bernoull

Two classes: € = {0,]} EX:

p = probability of “success”, and one trial.

k = — Can we malee this {ormuia
more concise?

S
=
1
——
T
S
NA
1
-

k - P — (1 o k)(l o p) PollEv.com/nicolehartman968

37



Bernoull

Two classes: € = {0,]} Ex:

P = probability of "success”, and one trial.

D, k=1 -
k — — k. 1_ I-k
p(k) | —p. k=0 p”- (1 =p)

Fun fact! In ML the Bernoulll distribution Is used for the 2 class classification,

“PInary cross entropy”
X = [cat, dog]

38



Your turn

For the Bernoulli distribution, what’s the mean and variance of the distribution?

PollEv.com/nicolehartman968

39



Your turn

For the Bernoulli distribution, what’s the mean and variance of the distribution?

u=EJkl= ) kpk

xe{1,0}

=1:p +0-(-p) £p |

To find the variance, first solve for the second moment...

kPl = Y KRpk)=1>p + 02-(1-p) =p
ke{l,0}

Putting the pieces together

0> = K] - E [k = p - p* £ p(1 = )]




Binomial

Two outcomes (success / failure), p = probability of success, Ex:
n trials, and x is the # of successes. Q = {0, 1, ... , n}

s v

ERTTITECITIRS

\1\ /\ Y

Binomial “event” x is the sum of n independent Bernoulli trials ( x;, x,, ...,x: x; € {0,1} )

Recall: for independent events x

p(x) — (z) px (1 —p)n_x and y, probabilities multiply.

Combinatorial X successes 1 — Xx failures
factor

Clc) - (9 T4 —42!)!2! h 4; - )




Your turn : mean

For the Binomial distribution, what’s the mean of the distribution?

Binomial “event” x Is the sum of n independent

I[/t:

=1 X] =

_p[zxi] - Z

=1 = Zp :'E

trials (x;,x,, ...,

x,:x; € {0,1} )

42



Your turn : Binomial Variance

- Useful for tutorial

For the Binomial distribution, what’s the mean and variance of the distribution?

Trick:

_Zk |
(n—k)'(k— 1)!

k=0 575"

Issue: can’t cancel this k... but

could cancel factor k — 1

C[k(k = 1)] =

_[kZ] .

[ 4]

|

- n!
_p[k2]:]§)k2( ) k(l_ ) —k ZkZ(n_ )'k' k(l— ) —k

k=0

p*(1 —p)y"™*

43



- Useful for tutorial

Your turn : Binomial Variance

Trick: E[k(k — 1)] = E[k?] — E[k]

n " Terms In the sum are O for
pk(1 — p)"k k=0andk =1

- o — . o n kc1 _ \n—k _ .
it = 1)) = 3 ik b(y)p1-p DNy

letk' =k —2
”22 n!
P (n—k

n—2
k+2 n—k—2 (n — 2)'
p (1 —p) — n(n — 1)p?2 k(1 — p)n—2)—k
2) k! n(n —1p kzzo, TR YL (1=p)

= n(n — 1)p? = ] Kolmogrov’s 2nd axiom

Putting the pieces together

0? = Eylk(k — D] +E[] = E,[KI* = np~ p? + np — ()

= —np*+np =|np(1 —p)l

44



|_.ukas Heinrich
TUM Data Science
L ecture 11

Continuous probabillity distributions

Probability density fucntion, f(x):

S continuous analog of an “elementary event”

p(x)

b
p(x € |a,b]) = J dx p(x)

d
Discrete probability Probability density

=V

The fundamental theorem of calculus for probability distributions

45



|_.ukas Heinrich
TUM Data Science
L ecture 11

Continuous probabillity distributions

Kolmogrov’s axioms:
1) Positivity: f(x) > O

2) Integratability: J dx p(x) =1
¢
3) Sum probs of disjoint events
b d
. p(x € [a,b] or x € [c,d]) = J dx p(x) J dx p(x)
T = px € la,b]) + p(x € [c,d])

>
X

46



Gamma distribution

a—1 0 —x/p

F(x;a,ﬁ)z XE[0,00) anda >0, /> 0

——X
p1l(a)

ra,ﬁ('x) -

Gamma density
functions for f = 1

Q. shape parameter




Gamma distribution

F(.X; a, ﬁ) — —x“‘le_’dﬁ X € [0,00) anda >0, >0
p(a)
[, p(x) . 'j a: shape parameter
waionsiwa=2 | p. scale parameter




Gamma distribution

a—1 0 —x/p

F(X;(l,ﬁ)Z XE[0,00) anda >0, /> 0

= . ’ =
P>’ N
4 R
> o .
of S
\“ Y
v 3\
. Q
x I
o .
= x4
s, . 4
. - -
N > o2
-
/
\ 4
.
Q

Gamma function:

Integral can be recursively calculated:
o0

[a) = [ x*~le ™ dx [a)=(@-1)-T(a—1)
0
['(1)=0

Forintegera: T'(a) = (a—1)!



Gamma distribution

: — a—1 _—x/p
I'(x; a, p) —,BO‘F(a) x% e

23 [EXNF[‘X] — aﬁ

o = Ep[x?] — E([x]* = aff*

2 Will prove in the homeworks

X € [0,00) anda >0, >0

50



Exponential distribution

Special case of the Gamma dist. when a = ()

['(x;a,4) =

_ 1
a—le—x/ﬁ a=0 EXP(X; /1) _ _e—x/ﬁ

—X
pl(a) p

Total Events: 22780 « Examp‘e: measure the mUOﬂ

T=2.123 £ 0.015 ps
Chi2/D.O.F = 15.4 /18

EvUBn1125?3

1316 |

10058

8801

ifetime by fitting this exponent, f.

7044

5286 |
105.7 MeV/c?

-1
1/2 ]"]'
0 ' ' ' ' ——

0.00 2.00 4.00 6.00 300 1000 1200 1400 1600 1800 2000
Muon Decay Time (usec) muon

8023

3772

2515

1257 |

http://www.physics.smu.edu/~coan/outreach/matphys/smuon.htmi



Chi2 distribution

Special case of the Gamma dist. whena =v/2, f = 2

['Ca,p) =

a=1uvl2

p=2
Ex: MSE on a
(Gaussian

——X
p1l(a)

y () =

a—1 0 —x/p

1

xl//Z— | 0 —x/2
V21 (1/2)

z ~ y* distribtuion with
v/2 degrees of freeson

\\~
-~ —
-------

More In Jonas’s
lectures next week!



Beta distribution

Beta(x; a, f) = —x* 11 —=x)"!  xe[0,1]
B(a, p)
1O\ i = @, >0

NG
ik

o
(o))
.
(o)
[

https://en.wikipedia.org/wiki/Beta_distribution

0 0.2 0.4
53



Beta distribution

Beta(x; a, p) = = 0‘_1(1 —x)"1 xeJ0,1]
Beta function: _ _
eta function fta. B €N, Blap) = (a— DB -1)!
[(@)(B) (a+p=1)!
B(a, p) = [+ p) _ (a + f) | alf!
a-f (a+p)!
- (a+p) | 1
- . 3 a+p
()

8 \Will explore connection b/w beta and binomial tomorrow.



Beta distribution

Beta(x; a, /) = 1 =x)1 xe 10,1]

B(a, p)

94
x| = Will prove in the
a+p tutorial today 2
af

(a+ P (a+pf+1)

Var(x) =



Feedback for me

How was the material today”

A) Too fast
B) Too slow

C) OK

PollEv.com/nicolehartman968
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Summary

Probability distributions:
+ Kolmogrov's axioms
+ Chalin rule of probability:

| p(A, B) - p(A ‘ B)p(B) - Probability Distributi
o Bayes RU‘G e robability Distributions

Name Formula Domain Mean  Variance Notes
Prior
x Bernoulli (p) p*(1—p)'* {0,1} P p(1 —p) Used for ML: binary classification
p (x ‘ 9) p (0) Binomial (p:n) (Z) pi-p)t {0,1,...,n} np np(1 — p) Bernoulli with n trials
Categorical

p@|x) = S s
: p(x) roeon

Posterior

Discrete: k

1 ['(a) =J dx x*' e . Gamma function a,f > 0
0

Gamma («,) 57 T(a) x@1p—xIp Ry af af?
1 ['a+ 1) =al(a), forintegera =n: I'(h + 1) = n!
= Exponential (8) — e R, p p?
& | P - Special case of Gamma dist fora = 1
8 Chi2 (v) 22 Twl2) xMe-lg—uid R v 2v Special case of Gamma dist fora = v/2, f =2
o B a ap e 1 D@U() ,
.E Beta (a’ﬁ) B(a‘/}) X 1(1 _ x)l p [0,1] a+p @+pa+p+1) B(a,ﬁ) = [0 dx xss (1 -x) = r(a—-}-ﬂ) : Beta function
T  Dirichlet
Q |
(O  Gaussian (u,x)

Delta
(1) 57



