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1. Stability 
1.1. Stability as a measure of Robustness 

Robustness denotes the capacity of a model to sustain stable 
predictive perfomance against variations in the input data.

Crab-eating macaque Crab-eating macaque



1.2. Lipschitz Constant and Robustness 

Rich Literature on Lipschitz constant as a measure of Robustness


• Lipschitz-Margin Training: Scalable Certification of Perturbation Invariance 
for Deep Neural Networks [https://arxiv.org/abs/1802.04034, Yusuke 
Tsuzuku, Issei Sato, Masashi Sugiyama]


• Improved deterministic l2 robustness on CIFAR-10 and CIFAR-100 
[https://arxiv.org/abs/2108.04062, Sahil Singla, Surbhi Singla, Soheil Feizi]


Lε( f, x) := sup
0<||y−x||≤ε

| | f(y) − f(x) | |
| |y − x | |

https://arxiv.org/abs/1802.04034
https://arxiv.org/abs/2108.04062
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1.2. Lipschitz Functions and Robustness 

Stable Regression Needs Overparameterization 

 Classification functions are necessarily discontinuous : no Lipschitz constant 


 In NN-setting the classifier   is usually of the  form , for a 
continuous score function . However,  can be arbitrarily rescaled without 
altering the output of             

f f := argmax ∘ g
g g

f

 alone does not reflect the geometry of 
the decision boundary
L(g)
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 Classification functions are necessarily discontinuous : no Lipschitz constant 


 In NN-setting the classifier   is usually of the  form , for a 
continuous score function . However,  can be arbitrarily rescaled without 
altering the output of             

f f := argmax ∘ g
g g

f

 alone does not reflect the geometry of 
the decision boundary
L(g)

Need a different measure of stability for classification



1.3. Class Stability 

Constructing and Visualizing High-Quality Classifier Decision Boundary Maps, 
Figure [2] | https://www.mdpi.com/2078-2489/10/9/280
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2. Isoperimetry 

Stable Classifiers in High Dimensions Need Overparameterization 

Goal: Bound the probability  ℙ(∃f ∈ ℱ : R̂( f ) ≈ 0 ∧ L( f ) ≤ L*(p, n, d)) ≤ δ

Need to control the ability of a function    to correlate with the 
data in terms of its Lipschitz constant! 

f

Examples: Gaussian measures, Manifolds with positive Ricci curvature, log-
concave measures 
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2. Isoperimetry 

Hoeffding’s inequality:    ℙ( | f(x) − 𝔼( f ) | ≥ t) ≤ 2 exp(−
t2

8
)

We need    to get a non-vacuous bound.L( f ) < 2
d
c

In high dimensions, this constraint is not particularly restrictive.
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3.1. Generalization Perspective 

Simple but crucial observation: 

If   then for all :     hf(x) > α y ∈ 𝒳 f(x) − f(y) ≤
2
α

x − y .

  is    - Lipschitz continuous on    f
2

S − t
At( f ) := {x ∈ 𝒳 : hf(x) > S − t}



3.1. Generalization Perspective 

Idea: Apply the regression result of Bubeck and Selke on  and control the 
measure  using isoperimetry.

At( f )
ℙ(At( f )c)

Choose  and write t = S/2 AS( f )

Indeed,  is Lipschitz continuous and bounded: hf(x)
Isoperimetry
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Proof (Sketch): 

ℛn,μ(ℱ) =
1
n

𝔼σi,xi sup
f∈ℱ

n

∑
i=1

σi f(xi)
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n

𝔼σi,xi sup
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σi( f − Ff)(xi)
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 for large  ℙ(AS( f )c) → 0 S
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3.2. Universal Law of Robustness for Discontinuous functions 
Idea: Suppose there exists an  that overfits, that is  f ∈ ℱ R̂0−1( f ) ≤ σ2 − ε

R0−1( f ) − R̂0−1( f ) ≥ ε

But we can bound the generalization error with the Rademacher complexity! 

R0−1( f ) − R̂0−1( f ) ≤ ℛn,μ(ℱ) +
2 log(2/δ)

n
< ε, w/ probability ≥ 1 − δ

ℙ(∃f ∈ ℱ : R̂0−1( f ) ≤ σ2 − ε ∧ S ≥ S*) ≤ δ

Contraposition gives the universal law of robustness for discontinuous functions!

for  S ≥ S* =
Kc
ε

p

n d



Some concerns…

• Is (H2, finiteness of ) too restrictive? 


• Can we improve   to  as in Bubeck? [1] 


• Empirical relevance: Do margins truly correlate with generalization in realistic 
settings? 

ℱ

p ≥ n d p ≥ nd
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4. A Law of Robustness for infinite functions

Problem: Prediction  may concentrate around the discontinuity at 0  gw(x)



4.1 Class Margin



S( f ) ≥
S̃( f )
L(g)

4.1 Class Margin
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Bubeck and Selke! | f − Ff |  is 
L(g)

S̃
− Lipschitz!
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4. Experiments 



5. Outlook 

•  
Test isoperimetric concentration properties of real-world datasets.
Alternative concentration inequalities beyond isoperimetry.

H1

Can we prove an infinite function case result without changing S → S̃
Problem: Prediction  may concentrate around the discontinuity at 0  gw(x)

H2’

• Relate class stability to robust generalisation error [5] and related 
concepts of robustness.


• How to compute  effectively? S( f )

•  Experiments for 
S̃
L
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